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Abstract

Sets of attributes and objects in fuzzy formal concept analysis are usually
different and, hence, it might not make sense to evaluate them on the same
carrier. In this context, the operators used to obtain the concept lattice
could be defined by associating different lattices to attributes and objects;
several reasons exist for which we need to evaluate the sets of attributes and
objects in the same carrier. Following this direction, we introduce a new
definition of a concept lattice, where objects and attributes are evaluated on
the same lattice L, although operators evaluating objects and attributes in
different carriers are used. Moreover, we study the relationship between this
new concept lattice and the alternative one which can be obtained directly
by using different carriers for the sets of attributes and objects.

Key words: Formal concept analysis, multi-adjoint lattices, Galois
connection.

1. Introduction

Formal concept analysis, introduced by Wille in the decade of 1980 [37],
arose as a mathematical theory for qualitative data analysis and, currently,
has become an interesting research topic both on its mathematical founda-
tions [34], 23 [18] [35] and on its multiple applications [21], 130, [3} 16}, [15].
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The initial, Boolean, approach was soon extended following ideas coming
different frameworks: fuzzy set theory [4] O, 31} 26]; possibility theory [13];
fuzzy logic reasoning [5, 14, 2]; from rough set theory [25, 32] 36]; some
integrated approaches such as fuzzy and rough [33], or rough and domain
theory [22], or rough and grey sets [38].

Recently, a new fuzzy framework has been introduced which is more
general and flexible than other fuzzy extensions, see [28]. One of its most
interesting features is that it allows for considering extremely general con-
junctors, which need not be either commutative or associative, to built
formal concepts.

In the topic of fuzzy concept analysis it is reasonable to consider the
particular nature of objects and attributes and, hence, the fuzzy subsets
corresponding to either of them should be evaluated in different underlying
lattices. In spite of the usefulness of considering different carrier sets for
objects and attributes, it is convenient to recall that, sometimes, it could be
interesting to “soften” this framework. For instance, given two experts who
are consulted in order to evaluate a knowledge system, they could believe
that the carriers associated to the set of objects and attributes should not be
different, or some of them believe that the attributes should be evaluated on
L, and some others believe that they should be evaluated on L, and, once
the evaluation is finished, the results should be homogenized. An elegant
solution could be to embed both L; and L, into a new set L, and to obtain
a new concept lattice My, by considering the sets of objects and attributes
evaluated in the same lattice, albeit using the operators which evaluate
objects and attributes in different carriers.

This work introduces the notion of L-connected lattices, with the aim of
embedding two given lattices L; and Lo, into a third one L, satisfying cer-
tain properties. Using this notion, it is possible to obtain formal concepts
which are not directly affected by the underlying evaluation of objects and
attributes on two different carriers. The idea is to evaluate the fuzzy sets for
extension and intension of a formal concept in the lattice L, which embeds
both original lattices L, and L. In this paper, we obtain several results
which prove the coherence of this embedding, in the sense that the original
concept lattice and the homogenized concept lattice are isomorphic; as a re-
sult, we obtain that the proposed transformation between both frameworks
is sound. An interesting by-product of this approach is the possibility of
using suitable modifications of the different algorithms recently developed
for obtaining concept lattices on specific contexts in which objects and at-
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tributed have a common carrier [7, 8, 24]. Last but not least, it worth
to remark that the structures introduced in this paper generalize the ones
given in the framework of fuzzy concept lattices with hedges [T}, 10} [19].

2. P-connected posets

The main notion in this section is the definition of P-connection be-
tween two complete lattices. As we will see later, this condition allows
for somehow conciliating the different values generated when considering a
non-commutative conjunctor in the construction of a concept lattice.

Definition 1. Given the posets (P, <1), (P, <) and (P, <), we say that
P, and P, are P-connected if there exist non-decreasing mappings ¢, : P, —
P,¢1: P— P, ¢y Py — P and ¢y: P — P, verifying that ¢,(¢1(x)) = z,
and ¢o(12(y)) =y, for all z € P, y € Ps.

Note that this definition generalizes the well-known approach of concept
lattices with hedges. To see this, we can simply use Krajci’s approach [19] to
prove that concept lattices with hedges were a particular case of generalized
concepts lattices: in our case L; and Ly are the fixpoints of the two hedges,
¢y are the hedge for objects, ¢, are the hedge for attributes, 1 and 5 be
the identities.

Example 2. Any pair of posets (P, <), (P, <) with top elements T,
and T, respectively, are P; X Py-connected, where P; X P, is the Cartesian
product with the pairwise ordering, by considering the mappings ¢; as the
projections m;, and 4, 19 as the inclusions defined as ¢;(x) = (z, T2),
Ua(y) = (T1,y), forall z € P, y € P,. O

A more complex example is presented below:

Example 3. Assume that, in order to perform the evaluation of a product,
we have to assign one value out of four possible ones. We ask two experts
to collaborate in this task and, only when collecting the feedback from each
expert, we notice that one expert has considered the ordering of values as
in Fig. [I whereas the other has considered that in Fig. 2l In both cases,
the expert chose a suitable poset for her evaluation.

In order to unify both evaluations, we want to embed the posetdﬂ in
Figs. [I] and [2 into another one, for example, we might consider that given

in Fig.

4Note that these posets are indeed lattices.
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We can define two mappings ¢1: Ly — L, 19: Ly — L as in Fig. {4}
moreover, there exist several possibilities for the mappings ¢;: L — Ly,
¢o: L — Lo in order to satisfy the properties in Definition [l one of them
is shown below:

As a result, L and Ly are L-connected. ]

Example 4. A different example arises considering the posets ([0, 1]2, <)
and ([0, 1]4, <), where [0, 1],, is a regular partition of [0, 1] into n pieces, for
instance [0, 1] = {0,1/2,1}, [0, 1]4 = {0, 1/4,2/4,3/4, 1}.

We have that [0, 1], [0, 1]4 are [0, 1]-connected, under the usual ordering,
considering the mappings 11, ¥, as the inclusions i (x) = z, ¥4 (y) = y, for
all z € Ly, y € Lo; and ¢q, ¢o defined as ¢1(t) = [2-t]/2, ¢o(t) = [4-t]/4,
where | _] is the ceiling function. For example, if ¢ = 0.55, ¢1(0.55) = 1,
$5(0.55) = 3/a. O



3. L-connected lattices and formal concept analysis

To begin with, in order to define a new concept lattice where the objects
and attributes are evaluated on the same lattice L, we will recall the defini-
tion of adjoint triple, multi-adjoint frame and context, and the multi-adjoint
concept lattice.

3.1. Recalling the basics of the theory of adjoint triples

Assuming a conjunctor defined on the product P; x P, directly provides
two different ways of generalising the well-known adjoint property between a
t-norm and its residuated implication [II, 29], depending on which argument
is fixed.

Definition 5. Let (P, <y), (P, <s), (P3, <3) be posets, and consider map-
pings&: P1><P2 —>P3,/Z PgXP2—>P1,\I P3XP1 —>P2,then(&,/,\)
is an adjoint triple with respect to Py, P, Ps if:

1. & is order-preserving in both arguments.

2. and "\ are order-preserving in the consequent and order-reversing
in the antecedent.

or<yz/yift v&y <3z it y <oz 2 wherex € P,ye P,
and z € Ps.

As mentioned in [6], the definition above may be shortened (in fact,
condition 3 is sufficient), but we prefer to stress on the two first conditions
since they will be often used hereafter.

More general examples than the classical Goédel, product and Lukasiewicz
connectives were introduced in [28], where non-commutative and non-assoc-
iative conjunctors were considered on regular partitions of [0, 1] together
with their corresponding adjoint implications. In the following example, an
adjoint triple will be presented with respect to the posets (L1, <1), (Lo, <2),
given in Example , and the unit interval [0, 1], with the classical order.

Example 6. Let (L1, =1), (L2, <5) be the lattices given in Example |3 and
the operator &: Ly x Ly — [0, 1], defined in Table [1]
This operator has two adjoint implications ,/: [0, 1] x Ly — Ly, \_: [0, 1] X
Ly — Lo, which are defined in Table 2]

Either using the definition or the results given in [29], we obtain that
the triple (&, ,,\) is an adjoint triple. O
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Table 1: Definition of &
la| B | v |9

a0 0| 0]O0
b 0| O |33
c|0]Y2]12]1
d|0|Y2|34]1

Table 2: Definition of ,/ and

e a|fB|v|o AN a|b|cl|d
1 dld|d|d 1 O O )
[B/a,1) | d|d|d|b 3/a,1) |6 |6 | v |~
1hy) [ d | d|c|a| | hyn | d|8 |8
0,1/2) |d|b|ala 0,12) | 6| B |a|«

The general theory of formal concept analysis requires the underlying
posets to have the structure of a lattice. Therefore, we will assume hereafter
that we are working on lattices instead of on posets.

The multi-adjoint framework allows the existence of several adjoint triples
for a given triplet of lattices.

Definition 7. A multi-adjoint frame L is a tuple

(Lla 517L27 j27P7 §7&17/17\17 s 7&n71/n7\n)

where (L1, =1) and (L, <3) are complete lattices, (P, <) is a poset and, for
alli € {1,...,n}, (&, /%, \y) is an adjoint triple with respect to Ly, Lo, P.
A multi-adjoint frame is denoted as (L, Lo, P, &1, - - -, &n)-

Definition 8. Let (Ly, Lo, P, &1, . . ., &») be a multi-adjoint frame, a multi-
adjoint context is a tuple (A, B, R, o) such that A and B are non-empty
sets (usually interpreted as attributes and objects, respectively), R is a
P-fuzzy relation R: A x B — P and o: B — {l,...,n} is a mapping
which associates any element in B with some particular adjoint triple in
the framel

A similar theory could be developed by considering a mapping 7: A — {1,...,n}
which associates any element in A with some particular adjoint triple in the frame.
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Once we have fixed a multi-adjoint frame and a context for that frame,
we can define the following mappings '=: L® — L4 and V": L{' — L5
which can be seen as generalisations of those given in [20]{]

g9'"(a) = inf{R(a,b) /7" g(b) | b€ B} (1)
() = inf{R(a,b) o) fla) | ae A} (2)

It is not difficult to show that these two arrows generate a Galois connec-
tion [28], whose definition is recalled below:

Definition 9. Let (P, <;) and (P, <5) be posets, a pair (T, ') of mappings
L P — Py, 1. P, — P, forms a Galois connection between P, and P, if
and only if:

1. Tand ! are order-reversing.
2. x <y 2t for all z € P,.
3. y <,y forall y € P,.

A multi-adjoint concept, as it is often the case in the different frameworks
of formal concept analysis, is a pair (g, f) satisfying that g € LE f € L
and that gl = f and f'" = g; with (T*,!") being the Galois connection
defined above.

Definition 10. The multi-adjoint concept lattice associated to a multi-
adjoint frame (L1, Lo, P, &1, - .., &n) and a context (A, B, R, o) is the set

M= {(g.f) | g€ L3, f € Li and g" = f, f" = g}

in which, given (g, f),(h,k) € 9, the ordering is defined by (g, f) =<
(h, k) if and only if g <o h (equivalently k& = f).

In [28], a detailed construction of a multi-adjoint concept lattice was
presented, and it was proved that the ordering just defined above actually
provides 9 with the structure of a complete lattice.

In the following example a concept will be obtained from a fuzzy subset
of objects using the adjoint triple of Example [6]

Example 11. Let (L1, =<1), (L2, <) be the lattices given in Example ,

the adjoint triple (&, ", ), where &: Ly x Ly — [0,1], ,/: [0,1] X Ly —

Ly and N\: [0,1] x L1 — Lo were introduced in Example @, the frame

(L1, Lo, [0,1], &) and the context (A, B, R,o0), where o is constant, A =
7



Table 3: Fuzzy relation between objects and attributes
R | by | by | bs
a; | 0.810.6]0.1
as | 0.210.310.9

{a1,as}, B = {b1, by, b3} and the fuzzy relation R is defined in Table [ We
will write (T,!) instead of (T=,17).

Given the fuzzy subset of objects g: B — Lo, defined as g(by) = «,
g(by) = B and g(bs) = 7, the least concept that “contains” g is (¢'*,¢"),
which is obtained as follows:

g'(ar) = inf{R(a1,b;) /7@ g(b;) | b; € B}
= inf{0.8 / «,0.6 / 3,0.1 / v} =1inf{d,d,a} =a
g'(a3) = inf{0.2 / ,03 /3,09 / ~}=inf{d,d,d} =d

This mapping is used to compute g':

gt (b)) = inf{R(ai, b1) \o@) g'(a;) | a; € A}

= inf{0.8 \ @,0.2\ d} = inf{d,a} = «
g (by) = inf{0.6\ a,0.3\ d} =inf{6, 3} =p
g't(bs) = inf{0.1\ @, 0.9\ d} =inf{s,7} =1~

3.2. Concept lattices on L-connected lattices

In the following paragraphs, we define a pair of mappings on which the
new concept lattice structure will be built in order to evaluate the objects
and attributes on the same lattice L.

Given a complete lattice (L, <) such that L; and Ly are L-connected, a
multi-adjoint frame (Ly, Lo, P, &1, ..., &n), and a context (A, B, R, o), we
can define the mappingsﬂ Teo o B — L4 and ¥ : LA — LP defined for all

6We follow the common usage to denote the set of mappings from A to L as L.
"The subscript ¢ refers to the L-connection, since we are using the mappings ¢; and 1;;
on the other hand, o is needed to refer the particular choice of adjoint triple for a given b.

8



g € LP and f € L* as follows:

g7 (a) = Y1 (inf{R(a,b) /7 ¢2(9(b)) | b € B}) (3)
F7(0) = ¥a(inf{R(a,b) \ow) 1(f(a)) | a € A}) (4)

Note that these definitions can be related to those given in [28] in that, for
each adjoint triple (&, ,,\) of the multi-adjoint frame, we can define the
mappings &*: L x L — P, /*: Px L — L and \,: P x L. — L for all
x,y € L and z € P as follows:

&y = ¢1(x) & da(y) 2/ "y = iz 9a2(y))
N T = oz N\ o1(7))

which, under the requirements t < 1y (¢1(t)) and t < 1ha(o(t)), forall t € L,
forms another adjoint triple (&*, ,/*,\x). Under the additional assumption
that the mappings ¢; are inf-preserving, the mappings '<: L? — L4 and
1. LA — LP can be rewritten as

g'<(a) = inf{R(a,b) /* g(b)|be B} (5)
) = inf{R(a,b) . f(a) | a € A} (6)

and coincide with the Galois connection introduced in [28], which is asso-
ciated to the new frame (L, L, P, &3,...,&.). As our construction of the
new concept lattice does not require either of the requirements above, the
proposed framework is strictly more general than the previous one. Hence,
the requirements t < ¥y (¢1(t)) and t < 1ho(p(t)), for all ¢ € L, and that
the mappings v; are inf-preserving, will not be assumed.

Example 12. Mappings ¢, and ¢y, defined in Example [3, verify the con-
ditions in Definition |1] and 1, is not inf-preserving since

Yi(inf{b,c}) = Pi(a) =2
inf{y1(b),1(c)} = inf{t,u} ==z

and, certainly, x # z.

Moreover, ¥; and ¢; do not satisfy the inequality ¢t < ¥ (¢1(t)), for all
t € L. For example, the element 11 (¢1(2)) = ¥1(a) = x is obtained, which
is not greater than z. U



Summarizing, expressions and do not coincide with those given
in [28], because they are not defined directly from a residuated implication,
although the mappings 11, 12, ¢1 and ¢, are involved as well. Indeed, these
mappings do not form a Galois connection.

The next proposition shows that these mappings are order-reversing but
do not verify conditions 2 and 3 of Definition [9}

Proposition 13. Let (Ly, L, P, &1, - - -, &n) be a multi-adjoint frame, where
Ly and Ly are L-connected, and a context (A, B, R,0).

1. The mappings ', " are order-reversing.
2. For each g € LB, f € LA, the following inequalities are obtained:

(Y20 d20g) < gleot™, (Yro¢yo f) 2 f17Teo.

PRrROOF. To improve readability, we will write (T, ') instead of (Te=,1*") and

P N instead of /"(b), No(b)-

1. Te and ¥ are order-reversing. If f, fo € L%, fi < fo, then ¢1(f1(a)) =4
®1(f2(a)) for all a € A, because ¢, is increasing. Now, as the impli-
cations are order-reversing in the second argument we obtain that:

R(a,b) s ¢1(f2(a)) =22 R(a,b) b ¢1(fi(a))

for all @ € A and b € B. Therefore, since 15 is increasing, by the
infimum property we obtain that

5 () = o(inf{R(a,b) N\ 61(f2(a)) | a € A}
= Yo(inf{R(a,b) \s ¢1(f1(a)) | a € A}
= f1c(b)

for all b € B. The proof for ' is similar.
2. We need to prove that, given g € LZ, then (15 0 ¢y 0 g) < g'l”. We
begin from the definition of Te:

g'"*(a) = ¥ (inf{R(a,b) /* d2(9(b)) | b € B})

for all a € A. Now, applying the mapping ¢;, we obtain:
¢1(g'*(a)) = inf{R(a,b) ,/* ¢2(9(b)) | b € B}
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for all a € A. Therefore, given a € A and b € B the next chain of
inequalities holds by adjointness:

¢1(g'*(a)) =1 R(a,b) /* ¢2(g(b)) <= ¢1(g'*(a)) &b P2(9(b)) < R(a,b)
< ¢2(g(b)) =2 R(a,b) \ ¢1(g'*(a))

As these inequalities hold for all a € A, by applying properties of the
infimum, we obtain that, for all b € B

$2(g(0)) =2 inf{R(a,0) s ¢1(9'(a)) | a € A}

Thus, (o0¢90g)(b) < g'<¥“(b) for all b € B, because 1), is increasing.
Finally, a similar argument proves that (¢, o ¢1 o f) < fI“Te for all
felL” O

The pair (T¢,!") is not a Galois connection since !¢ is not a closure
operator, as the following example shows:

Example 14. Continuing with Example , consider the mapping f € L4
defined by f(a;) = 2, f(as) = x. Then, f1“I* is obtained as follows:

fY) = ho(inf{R(as, b1) N\, ¢10 f(a;) | a; € A})
= ¢2(inf{0-8 N a,0.2 a}) = ¢2(inf{5, 5}) = 2/12(5)
(
(

(b)) = e(inf{0.6 \_a,0.3\_a}) = ¥ (inf {6, §}) = 12(9)
(b)) = he(inf{0.1 \_a,0.9\_a}) = ¥y (inf{6, 6}) = 12(9)

(%
(%
(%

fre(a) = di(inf{R(ar,b;) /7 a(f"(b;)) | b; € BY)
— 4y (inf{0.8 ,/ 6,0.6 / 0,0.1 / 6})
= 1(inf{b,a,a}) = 1(a) = x

fHe(ag) = 1 (inf{0.2 /6,03 / 6,0.9 / })
= i(inf{a,a,b}) = ¢i(a) =z

Therefore, as f(a;) = z and f!"T<(a;) = x, the inequality f < f}*Te does
not hold. O

As a consequence of the previous example, the operators Te!“ and T are
not closure operators, since they do not satisfy the property of extensity.

However, although T and !° do not form a Galois connection, and T<!*,
\“Te are not closure operators, they have properties on which we still can

provide the definition of a concept in this extended framework.
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Lemma 15. Let (Lq, Lo, P, &1, - .., &n) be a multi-adjoint frame, where Ly
and Ly are L-connected, and (A, B, R,0) be a context, then the following
equalities hold:

(¢10¢10f)lc:flc 1/12O¢20(f)lczflc
(Yoo gaog)le =gl hrogo(g)le =g

PRrROOF. We will prove just equalities (10010 )1 = f1° and ¢yopyo(f)1° =
f'°, the rest follow analogously.

In order to prove the first equality, the following chain of equalities can
be obtained for all b € B:

(110 ¢10 f)F(b) Yo (inf{R(a,b) b g1 0 (Y10¢10 f)(a) | a € A})
Yo (inf{R(a,b) s (¢10 f)(a) | a € A})
= [

where (k) is obtained by Definition [1]
The second equality follows by a similar chain of equalities:

Y20 a0 () (b) = o da(va(inf{R(a,b) \4 (¢10 f)(a) | a € A}))
Ua(inf{R(a,b) \p (¢10 f)(a) | a € A})

= Y ()
where (x) is obtained by Definition [1] O

—
*
~

—~
*
~

As a consequence of the previous result, we obtain the following

Proposition 16. Let (Ly, Lo, P, &1, - - ., &) be a multi-adjoint frame, where
Ly and Ly are L-connected, and a context (A, B, R,0), then fY = fi“lel,
gle = g'elTe for all g € LP and f € LA.

PRrROOF. To begin with, from Proposition[L3|(2), we have that (1010 f) <
e, now applying the order-reversing mapping !* we get the inequality
(FXT)° < (¢ 0 ¢y 0 f)V; finally, by Lemmal[L5] f17<l” < £ holds.

On the other hand, again by Lemma (15| and Proposition (2), we have
that f1° =4y o gyo f1° < (f1)1el°. As a result, the equality f!° = f1*Tel
is obtained.

The other equality follows similarly. O
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On a frame where (L1, =<;) and (Ls, =3) are L-connected, the result
above allows for defining a new concept lattice by following the usual con-
struction: a concept is a pair (g*, f*) satisfying ¢* € L?, f* € L* and that
(g")le = f*and (f*)"" = g".

Definition 17. Given the complete lattices (L1, =<1), (L2, <2) and (L, <),
where L, and L, are L-connected, the multi-adjoint L-connected concept lat-
tice associated to a multi-adjoint frame (Ly, Lo, L, &1, - . ., &n) and context

(A, B, R,0) is the set

M = {{g" f*) | (g%, [7) is a concept}
in which the ordering is defined by (g7, f{) < (g3, f5) if and only if g7 < g5
(equivalently f3 < f7).
The pair (9, <) is clearly a poset and, by Proposition , their ele-
ments can be obtained by applying e and ! to a fuzzy subset of objects or
attributes, respectively, as in the classical case.

Example 18. Let (L1, =), (L2, <2) and (L, <) be the lattices given in
Example [3] and the multi-adjoint frame presented in Example

Given the fuzzy subset of objects ¢g*: B — L, defined as g (
g*(bs) = x and g*(b3) = z, the least concept “containing” g*is ((g*)'*
which is obtained as follows:

(97)'“(ar) = Wi(inf{R(ar,by) /7 ¢a(g"(b5)) | b; € BY)
1 (inf{0.8 .,/ 9,0.6 /" «,0.1 /" a})
— u(inf{b,d,d}) = da(b) = 1
1 (inf{0.2 7 9,0.3 /" «,0.9 / «a})
1 (inf{a,d,d}) = 11 (a) = x

(9*)TClc(bl) = Yo(inf{R(a;, b1) \a @10 (9*)T(az‘) | a; € A})

= o(inf{0.8 N\ 5,0.2 \_a}) = ¥o(inf{d,d}) = 1o (d) =
(g9)'¥(b2) = ha(inf{0.6 \ b,0.3\ a}) = ¢o(inf{3, 6}) = wm)
()14 (bs) = ha(inf{0.1\ b,0.9\ a}) = ¢o(inf{3,6}) = ¥(8) =

~~
Q
*
~—
—
o
—
S
[\
~—

O

8We include * as a superscript in this new construction so that we can distinguish this
new approach from that in [28]. Note that, in order to simplify the notation, references
to o have been omitted.
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Note, however, that (97, <) is not a complete lattice as in the classical
case, since it is not closed under supremum, that is, given (g7, f;) and
(g3, 15, the supremum should be defined as:

(g5, YV Ags £3) = (gt vV g3) ' Fr A f3)

but the element in the right hand side need not be a concept of 9, as the
following example shows.

Example 19. Let us denote the concept in Example|18|as ((f{)'", f;), and
let us write ((f5)'", f5) to denote the one given by the fuzzy subset of objects
gs: B — L, defined as ¢5(b1) =y, g5(b2) =t and g¢5(b3) = x.

We will explicitly obtain the mapping f; and prove that f; A f5 #
(i A f)e

f3(a) = (g3)"*(ar) = di(inf{R(ar,b;) /* ¢2(95(b;)) | b; € BY)
= ¢1(inf{0.8 / 3,0.6 ./ 7,0.1 / a})
= (inf{d, c,d}) = 1(c) = u

f3(a2) = (g5)"*(az) = 4u(inf{0.2,/ 8,0.3 /7,09 a})
= y(inf{b,c,d}) = 1(a) =z

Therefore, (ff A f3)(a1) =t Au =z and (ff A f3)(a2) = 2 ANz = =z,
which is the mapping assumed in Example |14, Thus, the equality f; A f3 =
(fr A f3)¥Te does not hold. O

In the rest of this section we focus on alternative suitable definition of
meet A and a join Y operators such that (9., A, Y) will be a complete
lattice.

To begin with, some technical lemmas are needed.

Lemma 20. Given the complete lattices (L1, <1), (Lo, =2) and (L, <), where
L1 and Ly are L-connected, and x,x' € L1, y,y' € Lo, we have that

e A2 = or(Ui(x) Apu(a’) g Ay = da(Wa(y) Aba(y'))
xVya' = ¢1(i(z) Vi (a) g Vay' = da(tha(y) V aba(y'))

where N1, No, N\, V1, Va, V, are the meet and join operators defined on L,
Lo and L, respectively.
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PROOF. On the one hand, we have that x A 2’ is less or equal to x and 2/,
and hence ¥ (z A ') is less or equal to ¢;(z) and ¢;(2"). By definition of
infimum, the inequality 1 (x Ay ") < ¢1(z) Ay(2’) holds and, applying ¢,
now, the inequality = Ay 2" =1 ¢1(¢1(z) A Y1 (2’)) is obtained.

On the other hand, we have ¥ (x) A1y (2) is less or equal to ¢;(x) and
Y1 (2'), now applying ¢y, we obtain ¢ (11(x) A 1(2’)) <1 & Ay 2/, and the
first equality holds.

The proof for the rest of equalities follows analogously. 0

Lemma 21. Let (L, L, P, &1, - .., &n) be a multi-adjoint frame, where Ly
and Ly are L-connected, a context (A, B, R,0), and a family (g}, fF) of
concepts of My, for i running in an index set A, then

Tel® Tel®
(/\9:) =120 ¢ (/\g;k>7 (/\f:) =110 (/\f;)
iEA i€A iEA i€A

PROOF. Only the first equality will be proved, the second follows similarly.

Since A;cp 97 =< g7, then (A;cp 7)1 < (g7)"e", for all i € A. Now,
as g; is the extension of a concept, (g)'<!" = g7 is verified, for all i € A,
Therefore, by the infimum property, the inequality (A,c, 95 )lel” < Nien 9
holds, which is considered together with Proposition [13] and Lemma [15] to
obtain the following chain of inequalities.

(/\ g =0 ¢2((/\ g)1e) 2y 0 ¢2(/\ 9;) =2 (/\ g

ieA ieA ieA ieA
Thus, the inequalities above are equalities and we have the result. O

The following theorem defines meet and join operators which will provide
M, a complete lattice structure.

Theorem 22. Given complete lattices (L1, =1), (La, =2) and (L, =), where
Ly and Ly are L-connected, a context (A, B, R, o), and a multi-adjoint frame
(L1, Lo, L, &1, - - ., &n), the multi-adjoint L-connected concept lattice My, is
actually a complete lattice with the meet and join operators A, Y : My X
My, — M, defined below, for all (g5, 1), (g3, f5) € My,

(G, 1) A ga, [3) = (oo dalgy Ags), (fi V f3)¥Te)
(G5, 1D Y g5, f3) = (g5 VvV g) et o di(fi A f3))
15



Proor. Commutative and idempotent laws follow directly from the respec-
tive properties of the infimum and supremum defined on L; and Ly. In order
to prove the lattice structure, we have just to prove the associative and the
absorption laws.

Consider (g7, f1), (g5, f3) and (g3, f3) € My, then
g5 (0) = (f)¥ (b) = va(inf{R(a,b) \p (¢1 0 f7)(a) | a € A})

for all j € {1,2,3} and b € B, hence there exist mappings g1, g2, g3 defined
on L such that g = »(g;), for all j € {1,2,3}.
Associativity wrt A: the fuzzy extent of ({gi, i) A (g5, f3)) A (g5, f5) is

Vg 0 Pa(hg 0 Pa(gy N g3) N gs) = b2 0 Pa(12 0 Pa(12(g1) A a(g2)) A 2(g3))
= P30 Pa(a(g1 N2 g2) AN 1a(gs3))
= 2((g1 N2 g2) N2 g3)

Similarly, the fuzzy extent of (g7, f) A ((g5, f3) A (g5, f5)) is
U2 0 G2(g7 A tha 0 d2(g3 A g3)) = tha(g1 A2 (92 N2 g3))

Thus, the associativity law w.r.t. A is proved by the associativity law of
the meet operator A defined on Ly. Associativity wrt Y follows similarly.

Absorption law of A w.r.t Y. To begin with, the equality (g; V g3)'!" =
Ya(g1 Va go) will be proved.

(g7 Vg3)le(a) = i(inf{R(a,b;) /% ¢a((g7 V g35)(b;)) | b; € B})
P1(inf{R(a,b;) /% da((12(g1) V 12(g2)) (b)) | b; € B})
= n(inf{R(a,b;) /% (91 V2 g2)(b;)) | bj € B})

= ¥1((91 V2 92)'(a))

where a € A and () is obtained by Lemma [20]
As a consequence, the equalities below follow:

(9i Vg3)'="(b) = a(inf{R(a;,0) b 61((g7 V 95)"*(ay)) | a; € A})
= o(inf{R(a;,b) s d1(¢1((91 V2 92)'°(a)))) | a; € A})
= a(inf{R(a;,b) s (91 V2 g2)'*(a;) | a; € A})
= (Y20(g1 V2 92)T )(0)

for all b € B. Therefore, we have that (g7 V g3)'e!" = ¥y((g1 Va2 g2)) =
Ya(g1 Va2 g2), where the last equality is given by the definition of the join

operator in 901.
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Now, using the comment above and Lemma [20, the fuzzy extent of

(g1, /1) A (gt f7) Y (95, f5)) is

a0 da(gi A (g5 V 93)'Y) = oo da(ta(gr) Aba(gr Va g2))
= 291 N2 (g1 V2 92))
= Pa(g1) = 97

The other absorption law can be proved analogously.

Therefore, (M, A,Y) is an algebraic lattice. As a consequence, an
ordering on 9y, which will be denoted =<y, can be defined from A and Y.

In order to prove that (9t,, <) is a complete lattice [12], given a family
of concepts {<g;k , f;‘}}le A in 9, we will prove that its infimum exists (the
existence of supremum follows similarly).

If ((Ajen 95)1 (Ajen 97)1<) is the infimum, then, by Lemma , we ob-

tain:
NG 1) = (a0 da( N gD, (N\ g0)')
ieA ieA ieA
Hence, we only need to prove that ((A;cp 97)'t, (A;en 97)'¢) 1s the infimum.
As (Njen 97) = g5, then (A;cp g1 = (g7)Te". Now, since g7 is the
fuzzy extent of a concept, Lemma provides (A\;cp 97)'*" =1 g7, for each
i€ A
In order to prove that ((A;cp 97)'Y, (Aica 97)'¢) is the greatest lower
bound, we will assume that (¢*, f*) € 9, is another lower bound of the
family of concepts, that is, (g%, f*) <p (g7, f7), for all i € A. Equivalently,
the equalities

(g ") = (g™ ") A g J7) = (a0 dalg™ Agi), (f7V F)VT)

are obtained. Hence, g* = 15 0 ¢o(g* A gF) = 12 0 ¢2(gf) = g, because
1hy0¢5 is order-preserving, by Lemma[I5and the definition of <. Therefore,
g* =2 (Niea 97) = g and, from the order-preserving property of 1, o ¢5, the
following chain of inequalities are obtained:

g =120 29" Agi) 220 da(g”) 2o da( N\ gf) = (\ o))"
ieA ieA
where the last equality is given by Lemma
Finally, the fuzzy extent of (g%, f*) A ((Ajen 7)1, (Nsen 95)1¢) is given
by ¥ 0 d2(g* A (Niea 97)1°Y) = 2 0 ¢2(g*) = g*, by the definition of A, the

comment above and Lemma [15]
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Thus, the inequality (¢*, f*) =1 ((Aica 97)""", (Aica 97)') holds and,
consequently, there exist the meet (and join) of each non-empty set of 9.

The proof is finished by showing that (9%, <;) has bottom and top
elements, which can be easily expressed as

L= \{g" g fem) T=Y{g ) f)em}
O

As a result of the previous statements, two orderings have been defined
on My, although only <, makes M, to be a complete lattice. The follow-
ing proposition prepares the next section, in which both orderings will be
compared.

Proposition 23. Given the set of concept My, and the orders defined
above, < and =<, we obtain that: if (g5, f7), (g5, f5) € My, such that

PROOF. Aswe stated in the proof of Theorem above, if (g7, f1)and (g3, f5) €
My, then gF = (f1)Y, g5 = (f5)!° and there exist mappings g1, go defined
on (Ly)® such that g; = ¥(g1), g5 = ¥2(g2). Hence, the following chain of
equalities is obtained:

(G5, 1) A Ags, f3) = (oo dalgy Ags), (g7 Ag3)'e)

U3 0 Ga(1h2(g1) A tha(g2)), (91 A g5)'e)
Va(g1 A2 g2), (95 A g3)'e)

{
{
Uy
{
{

= (¥a(q1), (gt A g3)")
2 (g (g A g
D (g1, (g1)1)

where (1) is given by Lemma [20] and (2) is obtained since 13(g1) = g7 <
g5 = 1s(ge) and, applying ¢, we have g1 =5 ¢o. (3) is satisfied by the
definition of concept.

4. Comparison between (M, <) and (ML, <r)

In this section, we establish a comparison between the concept lat-
tices (M, <1) (defined above) and (I, <) (defined in [28]). We will con-
sider a fixed context (A, B, R,0), a frame (Ly, Lo, L, &1, . . ., &n), where Ly
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and Lo are L-connected, and the corresponding multi-adjoint concept lat-
tices (O, <) and (M, <1).

Firstly we will prove, in the following result, that each concept (g, f) €
I determines a concept in M.

Proposition 24. If (g, f) € M, then the mappings g*: B — L, f*: A —
L, defined as g* = o 0q, f* =110 f, form a concept of the multi-adjoint
concept lattice (M, <1).

PROOF. The equalities (50g)'e = (110 f) and (10 f)¥ = (1 09) have to
be checked. We will prove just the first one, as the second follows similarly.
Given a € A, as (g, f) € M, we obtain the following chain of equalities:

(209)'*(a) = wu(inf{R(a,b) /" ¢a2((¢209)()) | b€ B})
= Yi(inf{R(a,b) /" g(b) | b € B})
= i(g'(a)
= U1(f(a))

= (1o f)(a)

Hence, (1 0 g)le = (¢1 0 f). O

Example 25. Considering the concept (g't, g) € 9 given in Example [11]
and the mappings in Example , by Proposition the pair (09!t 910g")
is a concept of the multi-adjoint L-connected concept lattice (M, <1).
For example, the mapping ¢;0g': A — L is defined as: (¢10g')(a1) =z
and (1 o g')(az) = v. O

Now, given a mapping g: B — Ly, we have two possible ways to con-
struct the smallest concept in 9, “containing” g:

e Considering the mapping ¢»0¢g € L? and obtaining the corresponding
concept in My, that is, (1o 0 g)Tel", (g 0 g)Te).

e Obtaining the corresponding concept in 9 and, by Proposition [24],
considering the concept (15 0 gt 11 0 g') in M.

The following proposition states that the two constructions above coincide.

Proposition 26. Given a mapping g: B — Ls, the concepts <(¢209)Tcl‘3’ (1h50
g)'e) and (g 0 g't 4hy 0 g1) coincide.
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PRrROOF. It is sufficient to prove that (¢ o g)!e = 1), o ¢!, and this follows
from the proof of Proposition [24] O

Similarly, we obtain a concept of 99t from each concept of 91, and the
two possible constructions of the smallest concept “containing” ¢*: B — L
coincide.

Proposition 27. If (¢*, f*) € My, then the mappings g: B — Lo, f: A —
Ly, defined as: g = ¢o0g*, f = @10 f*, form a concept of the multi-adjoint
concept lattice IN. Moreover, given a mapping g*: B — L, the concepts

(P20 g ), (¢ 0 g")T) and (pg 0 (g*)1<¥, ¢y 0 (g*)1¢) coincide.

PROOF. First of all, we need to prove that ¢! = f, f = g. We will prove
just the first equality (the second follows similarly).

Given a € A, as (g%, f*) € M, we obtain the following chain of equali-
ties:

fla) = (9)(a)
= ¢i(inf{R(a,b) /" ¢2(g* (b)) | b € B})
= ¢n(inf{R(a,b) /" g(b) | b€ B})
= 1(9'(a))

Hence, applying ¢; on both sides, we obtain

fla) = ¢:1(f*(a)) = é1(¥1(g' (@) = g'(a)

Finally, from the chain of equalities above, we conclude that (¢y0g*)! =
b1 0 ("), since

(¢209%) (a) = g'(a) = 61(¥1(g'(a))) = D1(f"(a)) = (10 (9)")(a)

which lead us to ensure that the concepts ((¢2 0 g*), (g9 0 g*)1) and (¢ 0
(g*)1<¥", @1 0 (g*)1¢) coincide. ]

Example 28. Given the concept ((g*)'<"", (g*)'¢) € M, considered in Ex-
ample and the mappings in Example [3| by Proposition 27, the pair
(a0 (g*)1e¥" p10(g*)Te) is a concept of the multi-adjoint concept lattice 9.

For example, the mapping ¢; o (¢*)lc: A — L; is defined as: (¢; o

(g%)'¢)(a1) = b and (¢1 o (g%)'*)(az) = a. 0
20



It is worth to take into account that the result above can be given
analogously for any f: A — L; as well.

As a consequence of the definition of L-connection and the above results,
the following theorem is obtained.

Theorem 29. The mappings ®: (M, <) — (M, <) and V: (M, %) —
(M, <L) defined, for each (g, f) € M and (g*, f*) € My, as follows

(9", 7)) = (p209" 10 f)
\Ij(<gaf>) = <¢2097¢10f>

are well-defined and ® and ¥V are (order-)isomorphism. Thus, M and M
are 1somorphic.

PROOF. From Propositions [24] and 27, ® and ¥ are well-defined. Mapping
U is order-preserving since 1,1 are order-preserving mappings and by
Proposition 23]

To prove that @ is order-preserving, let us to consider (gi, f{) and
(95, f3) € My, such that (g7, ) =1 (95, f3) and ¢z 0 g7 =22 ¢ 0 g5 must be
proved or, equivalently, ¢2 0 gf = @2 0 g7 Aa P2 0 g5.

As gt = (fHY, g5 = (f3)", there exist mappings g1, g defined on (Ly)®
such that g7 = ¥(g1), 95 = ©2(g2). Moreover, the equality (g7, f7) =
(g7, f1) A (g3, f5) is satisfied.

Therefore, g7 = a0 ¢2(g7 Ags) = 20 Pa(¥a(g1) A2(g2)) = ¥a(g1 A2 g2)
and, applying ¢,, we obtain the equality needed.

2(g7) = P2002(g1N2g2) = G1A\2g2 = P2002(g1) Nad20t2(g2) = P2(97) Na2(35)

Furthermore, by Definition [T we have that ®oW: 9t — 9 is the identity
mapping. The proof will be finished if Yo ®: M, — M is also the identity
mapping on M.

Consider (g*, f*) € M, in order to prove that Wo ®((g*, f*)) = (¢*, f*)
it is enough to prove that ¢, o ¢ o f* = f*; this is obtained from the
following equalities, considering a € A.

brogro fia) = (¢10¢1)((g")'(a))
= (¢ 0 ¢1) (¥ (inf{R(a,b) ,/* d2(g* (D)) | b € BY}))
= Y1 ((¢1 0¢n)(inf{R(a,b) ,/* ¢o(g"(b)) | b € BY}))
= ¢n(inf{R(a,b) ,/* ¢2(g"(b)) | b € B})
= (9")*(a)
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Therefore, Mt and M, are isomorphic posets and, as (M, <), (M, <)
are lattices, ® and ¥ are lattice-isomorphisms.

As a consequence of the previous isomorphisms, in order to obtain the
concept lattice (I, <), we firstly use an algorithm to build the concept
lattice (9, <1) and then, the mapping ® is applied to obtain 9.

There exist algorithms developed to obtain the concept lattices where
the conjunctors have the same carrier for both arguments, as for instance,
Lindig’s algorithm [24], or its extension for graded attributes [7], or the
efficient algorithm to compute the lattice of all fixpoints of a fuzzy clo-
sure operator [§]; however these algorithms cannot be applied to obtain
the lattice (M, <) since ¢, t¢ do not form a Galois connection, and nei-
ther 1<} nor !“T¢ are closure operators. Suitable modifications on these
algorithms could be enough to obtain an efficient mechanism to obtain the
lattice (9, <r). As the complexity of the algorithm used depends on the
size of L, we should find, whenever possible, the least lattice L such that
Ly and L, are L-connected, but this is beyond the scope of this work, and
will be studied in the future.

5. Conclusions and future work

Sets of attributes and objects in fuzzy formal concept analysis are usually
different and, hence, it might not make sense to evaluate them on the same
carrier when interpreted in a fuzzy extension. In this context, the operators
used to obtain the concept lattice could be defined by associating different
lattices to attributes and objects, see [2§].

There exist reasons which suggest the need to evaluate the set of at-
tributes and objects in the same carrier and, in this direction, a new concept
lattice has been introduced, in which objects and attributes are evaluated
on the same lattice L, although using operators which evaluate objects and
attributes in different carriers.

The relationship between the new concept lattice and the alternative
one obtained directly considered different carriers to both set of attributes
and objects, introduced in [28], has been studied. It is worth to recall that
our framework based on L-connected lattices generalizes the well-known
approach of concept lattices with hedges [11], 10, [19].

For future work, in order to define an efficient mechanism to obtain the
lattice (M, <1 ), modifications in the different algorithms introduced to
compute the concept lattices in which the conjunctors have the same carrier

for both arguments, will be studied. Moreover, we want to further develop
22



how the theory presented here can be applied to obtain t-concepts [17, 27]
when, originally, the set of attributes and objects are evaluated in different
lattices. Finally, another interesting topic to be studied in the short term
is to obtain mechanisms to find the least lattice L such that L; and L, are
L-connected.
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