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Abstract— This work is based on the multimodal logicZ(MQ), to, comparable, negligib)ewere defined in the spirit of [10],
recently introduced, which formalizes order-of-magnitude quali-  put using the labels corresponding to quantitative valaes,
tative reasoning. The aim of this paper is to provide a sound@d  reserying coherence between the relative model they define
complete tableau method for the future fragment of L(M Q). and the absolute model in which they are defined.

l. INTRODUCTION Although the use of qualitative_ OMR has been an active
research area in Al for some time, the analogous devel-

Several reasoning methods have been devised in ordeinent of a logical approach has received little attention.
face a problem one often encounters in real world applinafio various multimodal approaches have been promulgated, for
which is a lack of quantitative (numerical) information amgo example, for qualitative spatial and temporal reasoning bu
the observed facts. Among these methods we find those whigh t3r as we know, no such approach has been developed
allow for reasoning under an incompletely specified envirofyr OMR. However, non-classical logics do have been used
ment, giving rise to reasoning schemes for fuzzy, imprecigg 4 support of qualitative reasoning in several ways: among
and missing information. A different approach is to apphhe formalisms for qualitative spatial reasoning, the Begi
ideas from qualitative reasoning and, specifically, fromest cgonnection Calculus (RCC) [11], [1] has received particula
of-magnitude reasoning (OMR), which was introduced in [1Q}ttention; in [2], [16], multimodal logics were used to deal
and later extended in [6], [7], [9], [14], [15]. with qualitative spatio-temporal representations, and1ig]

The basis of OMR systems is computing with a set of coargganching temporal logics have been used to describe the
values, usually generated as abstract representatioms@$@ possible solutions of ordinary differential equations wivee
values. This is of course the same approach taken by &{ate limited information about a system.
qualitative reasoning system. The distinctive feature MFRO  Recently, in [4], the logicC(M Q) for qualitative order-of-
is that the coarse values are generally of different order gfagnitude reasoning was introduced to handle, in some sense
magnitude. the notion of comparability. Then, the same authors exténde

Depending on the way the coarse values are defined, diffgfe logic to introduce also modalities for the negligilyilit
ent OMR calculi can be generated: It is usual to distinguig|ation [5] but without considering any attempt to meckani
between Absolute Order of Magnitude (AOM) and RelativRs deduction. The purpose of this paper is to develop a non-
Order of Magnitude (ROM) models. classical logic for handling qualitative reasoning wittders

There exist attempts to integrate both approaches, so thinagnitude.
an absolute partition is combined with a set of comparisonAs a first approach to the logics of qualitative order-of-
relations between real numbers [14], [15]. For instancés it magnitude reasoning, we have based our minimal languages
usual to consider thelOM (5) approach which, by consid- on the systemdOM (2), which is both simple enough to keep
ering five landmarks, it is customary to divide the real linander control the complexity of the system and rich enough
in seven equivalence classes and use the following labelsst9 as to permit the representation of a subset of the usual

denote these equivalence classe®Rof language of qualitative order-of-magnitude reasoning.
The intuitive representation of the underlying set of value
NL . NM NS PS  PM  PL (usually considered to be subsets of the real numbers ajtho
B a 6 +‘G ;B this is not essential) .is given below, in which two landmarks
—«a and+« are considered
The labels correspond to “negative large”, “negative mexdju OBS INF oOBS

“negative small”, “zero”, “positive small”, “positive meéaim”
and “positive large”, respectively. The real numbersand 3
are the landmarks used to delimit the equivalence claskes (in the picture,—a and+« represent respectively the greatest
particular criteria to choose these numbers would depend megative observable and the least positive observables Thi
the application in mind). In [14] three binary relatiordase choice makes sense, in particular, when considering palysic
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metric spaces in which we always have a smallest unit which3) +«a and —a are designated points i (called frame
can be measured; however, it is not possible to identify stlea constanty and allow to form the set® BS*, INF,

or greatest non-observable number. andOBS~ defined below:

Once we have the equivalence classes in the real line, wecan  ops- = {zeS|2<—a} INF = {zeS]|-
make comparisons between numbers by using binary relations  ops+ = {zeS|+a<a}
such as We will usex C y as an abbreviation of#' < y andz,y €

o z is less thany, in symbolsz < y EQ, whereEQ € {OBS™,INF,OBS™}".

« 2 is less than and comparable tg in symbolsz T v. Definition 2: Let ¥ be a multimodal qualitative frame, a

wherer is a restriction of the usual order of the real numberrgummOdal qualitative model of (or X-mode] for short)

(<) to numbers belonging to the same equivalence class. 1S an order(_ad palr/\/l_ = (%,h), Whgre h IS a meaning
function (or, interpretation h: V — 2°. Any interpretation

Our aim in this paper is to provide tableau system for the :
. can be uniquely extended to the set of all formulagi{d/Q
future fragment oL (M Q). It is worth to remark that the need(also denoted byh) by using the usual conditionsf for )the
of considering the landmarksa and+« as part of the frames

K difficult th f of let " classical boolean connectives and the constanésd L, and
makes more difficult the proof of completenessia\/@). the following conditions for the modal operators and frame

The rest of the paper is organized as follows: In SeConstants:
tion Il the syntax and the semantics of the proposed logic '

is introduced; in Section lll, a tableau system is presentelal(ﬁ)A) {x €S|y e h(A) for all y such thatr < y}
for the future fragment ofZ(M@Q); then, in Section IV the iA) = {z€S|yeh(A) for all y such thatr T y}
)
)

completeness proof for the tableau system is given. Fi,nall>{l(<—

some conclusions are drawn and prospects for future work a é(_

presented. h(l = {zeS|yeh(A) for all y such thaty C «}
he®) = {+a}  h(a”)={-a}

Il. SYNTAX AND SEMANTICS OF THELANGUAGE L(MQ)  The concepts of truth and validity are defined in a straightfo

ward manner.

0A4) = {zeS|yeh(A) forall y such thaty < z}
4)

In our syntax we will consider the connectivesand [ to

deal with the usual ordering, the connectived and W to  Ill. A TABLEAU SYSTEM FOR THE FUTURE FRAGMENT OF
deal with_. The intuitive meanings of each modal connective L(MQ)
is as follows: In this section we develop a tableau system for the fu-
OA meansA is true for all number greater than theture fragment of the languagé(M @), denotedZ(MQ+).
current one Although originally inspired on the method presented by
WA is read A is true for all point greater than and Goré [8], a number of non-trivial modifications have been in
comparable to the current one. cluded due to the particularities g{ M Q+). Firstly, note that

0A meansA is true for all number less than the currentit is possible to semantically prove the following equivade:

- one i>A _ — ﬁ — _ A
BA meansA is true for all number less than and - (O‘ V(0am AD(0a” VaT) = AV
comparable to the current one V (ma” A Ta- A 30&* A ﬁ((ﬁa, Ao A goﬁ) .

The alphabet of the languagg M @) is defined by using:

« A stock of atoms or propositional variables,
« The classical connectives A, V and— and the constants

as a result, in the tableau system f6(MQ+), we will
only need to use white connectives. We first introduce some
preliminary definitions about modal tableaux taken from [8]

T and L.
« The unary modal connectives andand, W and®. A Preliminary definitions about modal tableaux
e The con_s_tantsga+ anda~ Definition 3: A tableau rulep consists of anumerator/\
« The auxiliary symbols: (, ). and a finite list ofdenominatorsD;, D, ..., D, separated by
Formulas are generated fromU {a™,a~, T, L} by the vertical bars:
construction rules of classical propositional logic addthe N (p)
= = —1 D1|D2||Dk

foIIoMng rule: If A is a formula, then so areélA4, A, BA
and B A. The numerator of each rule tableau contains one or more
Definition 1: A multimodal qualitative framdor £(M Q) distinguished formulae called therincipal formulae Each
(or, simply, aframé is a tupleX = (S, +«a, —«, <), where  denominator contains one or more distinguished formulae
called theside formulae
A tableau systemis a finite collection of tableau rules
p1, P2, - -, pn. A tableau for a finite set of formulaE is
1This set is usually considered as a subset of the real nuriershis is a finite tree with rootl’, whose nodes carry finite sets of
not required. formulas which have been built by applications of the rules.

1) S is a nonempty sét.
2) < is a strict linear order ofS.



Recall that a tableau rule with numeratbft is applicable to that a formulaA is atheoremof T'(M Q-+) if there is a closed
a node containing a set of formulds, precisely if A is an tableau for{—A}.

instance ofV. We finish this section with an example of application of the
We define below a tableau systéfiiM Q+) for the system tableaux method.
L(MQH). Example 1:A closed tableau is presented in Fig. 1 which

1) Rules ofT'(M@Q+): Our tableau method is built in the proves the validity oflxt — (Dﬁa A=)
style of that for linear time logic K4L and adding extra tadle
rules for handling frame constants. The proposed tableau IV. SOUNDNESS ANDCOMPLETENESS

system contair.15 the following rulegz N _ For soundness all we have to prove is that if the numerator
« The classical rules from classical propositional logic: of a given rule is satisfiable, then so is at least one of

I"AAB T: A=A I';-(AA B) T 45141enom|fa@rs The proof is straightforward. Consider,
tag N 71— L) T:-B (=A) —e}an{mé thesrulbrd), and assume that its numerator, that is,
T ’ ’ T. o~ is satisfiable, then it is easy to show thata—: ¢ o

« The modal rules is satisfiable as well. The proof for the other rules is simila
r-0A4 _, r-0A Regarding termination of the tableaux syst&/Q+), it
—— (—0) — — (=90) is not difficult to show
I;0-4 I;0-4 Lemma 1:For every finite sef” we can assign, a priori,
« The modal rule(K4L): a finite setI™ such thatl™ contains all formulae that may
- appear in any tableau fdr. As a result, there are only a finite
or; oA (K4L) number of tableaux foF'.
S S2]...| Sm For the proof of completeness we shall show thdt i a

wherem = 2% — 1, andn is the cardlnal ofA. The fin!te set of formulas for which no tableau closes, then there

Sy’s are defined asS; — (T DF QAz " A,), where exists a model foif® on a frame. Indeed, our method has the

Ay.....A,, is an enumeration of the non-empty subsef?"owmg peculiarity: it needs not to guarantee the exisgeof

of ’A ar’1d A=A A, a model forI" on a frame foil" but on a pre-framgdepending
on the information in* about frame constants), because it is

always possible to build a frame from the given pre-frame.
o ot o The previous comments justify the introduction of the

_7>70‘ (uniq™) _,)705 (unig*) ff cept of pre-model (that is, a “model” on a pre-frame).

I'; d-a~ I; O-at I; Oa™ Definition 5: Given a pre-fram&, amultimodal qualitative
model onY (or pre-model, for short) is an ordered paut =

([}‘ h), where h is a meaning function(or, interpretation

h:V — 25. Any interpretation can be uniquely extended

to the set of all formulas i (M Q+) (also denoted by:) by

using the usual conditions for the classical boolean cativeec

« The following rules, which allow us the handling of frame
constants:

Note that in all of these cases, the order of the formulas
the sets is immaterial. Moreover, the stat|c rgl)eéﬂ()M Q+)
are the classical rules together W(thD (=0), (unig™),
(uniq™) and (ord) whereas(K4L) is the only transitional

rule. and the constant$ and L, and the following conditions for
Procedure to construct a tableau the modal operators and frame constants:
1) The root node contains the formulaslinChoose a rule h(ﬁ)A) — {zeS|yeh(A) forall y such thatr < y}
p which is applicable to this root node. _ )
2) If p hask denominators then createsuccessor nodes, j,(*+) — {+a} i +o € S ha~) = {—a} if —c
with successor; carrying an appropriate instance of %) otherwise 1%} othen
denominatorD,. Definition 6: A setT" is closed with respect to a tableau

3) Rules are applied non-deterministically to any nodglle p if whenever an instance of the numerator of the rule is
which is different from{L} and whose label has notin I, so is a corresponding instance of at least one denominator
appeared before in the branch (to avoid loops). of the rule. A sefl’ is saturatedif I" is consistent and closed
If after the application of some rule to a node a With respect to the static rules &f(M Q) excluding ().
successok of a noden is labelled with a sef) which The following lemma states that consistent sets can be
already appeared in the branch from the roottdhen saturated in an effective way. Its proof is standard andcéen
we erase node and put a link fromn to the ancestor omitted.

which is labelled with. Lemma 2:
Definition 4: A branch in a tableau islosedif its leaf is 1) The rules(—), (A), (—=A), (uniq™), (unig*), and (ord)
{ L}, otherwise it isopen A tableau isclosedif all its branches are invertible, that is, satisfy that if there is a closed
are closed, otherwise it igpen tableau for (an instance of) the numeratdrthen there
A setT' is T(MQ+)-consistent(in the following we will are closed tableaux for (appropriate instances of) the

use simplyconsistent if no tableau forT" is closed. We say denominatorsD;.
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Fig. 1. Closed tableau for Example 1.

2) For each finite consistent sét there is an effective  Proposition 1: Consider a pre-model graph with an ini-
procedure to build some finite saturated and consistdi point. LetT" be a set of formulas with no occurrence of

setI™ beingl’ C I's C I'*. eithera™ or a~. If there exists a pre-modéW, i) of T, then
Now, let us recall the definition ahodel graphfor a finite there exists a modél’, ') of T.
set of formulad” together with a lemma inspired in [12]. Proof: To begin with, let us introduce some specific

Definition 7: A model graphor some finite set of formulas saturated sets containing the frame constants:
I' is a multimodal qualitative framéS, +«, —a, <) such that =
all the elements: € S are saturated sets satisfyingC T'* zo- = {a7, 0« ’E e }_>
and ror = {aT,-a”,0-a",0-a"}
(i) T C xg, for somezx, € S;
(i) a+_g +a anda™ € —q;
(iii) if O A € x, then there existy € S such thatr < y and

The intuition underlying this is that,- represents-a and

ZTo+ representsta in a frame.

) Depending on what frame constants fail to appear in the pre-
. A €Y — frame, just two possibilities arise (note that it is not plokes

(iv) if x <yandUOA € z, then A € y. that o~ appears in some set amd™ does not appear in any
Similarly, we define gre-model graphas a multimodal qual- et in the sequence of points of the pre-frame):

'tat'(\ﬁ. pdre-fra:jmle ta?j a(l;)ove, (|jr_1 which %Qnr?'ft'on (i) is Stbls? 1) If o= does not appear in any set in the sequence, then
modified (or deleted) depending on which frame constants are the setz, - is prepended to the sequence.

m'_?_i'n?'” wing lemma ensures the existence of a multimodal 2 'f Neithera™ norat appear in any set in the sequence,
€ Tollowing femma ensures the existence of a muitimodal =y, o e sets,- andzx,+ are prepended to the sequence
qualitative model fof* on the basis of the existence of a model in that order

graph forT. . ,
Lemma 3:If X is a (pre-)model graph foF, then there Once the frame constants. haye been |.ntroduced in the
sequence, some post-processing is needed in order toyeeser

exists some multimodal qualitative (pre-)model far ot :
Proof: The definition ofh for the atoms and the framecoherence. This is done as a consequence of the following

constants in a pre-model is the same than in a model grab‘l"F,UItS:
that is, e Given condition (1) above, it isg> saturated set of the

N N B _ sequence, then the sety {-a~, O-a~} is saturated.
hp) ={z[pezy heT)={z|a” ca}  Rhla")={z]eg Gj¥an condition (2) above, if is a saturated set of the
By structural induction, we obtaih(A) = {z | A € z} for sequence, then the set/{-a~, O-a™, ~a™, O-a™}
any formulaA. QED is saturated.

The completeness proof will be based on the following In order to prove the first result above, let us consider
technical result the following embedding froml to ¥’ defined byz —



_
zU{-a",0-a }. V. CONCLUSIONS AND FUTURE WORK

With respect the second result/ above, let us consider therhe use of a logical apparatus in the treatment of qualéativ
following embedding from¥ to ¥’ defined byz — = U  reasoning has allowed the development of a tableau metiod fo

{~a7,0-a7,=a®, O-at}. . N testing satisfiability inC(M Q). Although the logicZ(M Q)
Then, in any case, by an induction argument, it is possit#@s just two landmarks, and is considerably simpler thasetho
to prove thath(A) = h/(A) for all formula A € I'. QED stated at the beginning of this section, still it is useful as

We will work with a generalization of the idea of modela stepping stone for considering more complex systems, for
graph which permits clusters among the saturated sets, ayitich the logic has to be enriched by adding new modal
we will simply consider agraph as an ordered paifX, R) operators capable to treat a bigger number of milestones,
where X is a non-empty set of saturated sets aRds a equivalence classes and/or qualitative relations.
transitive relation onX. This way, a model graph a just As future work in this context, it is planned to extend the
a particular instance of this more general concept. Beforgbleau method for the full logi€ (M Q) with past and future
stating the theorem, the notion of fulfilled eventuality has operators, as well as to investigate tableau systems for the
be introduced. extended language with negligibility relations of [5]. Ldmit

Definition 8: Let (X, R) be a graphJake a point € X, not least, we are also investigating the feasibility of jding
we say thatz fulfills an eventuality 0 A if x € h(A). a Rasiowa-Sikorsi proof system for a relational preseati
A sequencgof pointe; Rz RxsR ... is said to fulfill an of the logic.
eventuality ¢ A if there_)are pointsz;, xz; in the sequence
(with z; Rz;) such that0 A € z; and A € z;. . o . .

Theorem 1 (Completenesdy: I is a finite consistent set of g ?élgBl_e ”QeltfzzM %%%SI?Q'CS for qualitative spatial reaisty Bull. of the
formulas, then there is a model foron a finite multimodal [2] B. Bennett, A.G. Cohn, F. Wolter, and M. Zakharyaschev. ultiv
qualitative frame(S, +a, —a, <). Dimensional Modal Logic as a Framework for Spatio-Tempdiah-

: L - . soning. Applied Intelligence 17(3): 239-251, 2002.
Proof: By Lemma 3 it is sufficient to build a model (31 5 p Burgess. Basic tense logic. In D. Gabbay and F. Guenteditors,

graph forI". This model graph will be constructed step by  Handbook of Philosophical Logic: Volume II: Extensions dasSical
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