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In this paper we deal with suitable generalizations of the notion of bond between contexts, as
part of the research area of Formal Concept Analysis. We study different generalizations of the
notion of bond within the L-fuzzy setting. Specifically, given a formal context there are three
prototypical pairs of concept-forming operators, and this immediately leads to three possible
versions of the notion of bond (so-called homogeneous bond wrt certain pair of concept-
forming operators). The first results show a close correspondence between a homogeneous bond
between two contexts and certain special types of mappings between the sets of extents (or
intents) of the corresponding concept lattices. Later, we introduce the so-called heterogeneous
bonds (considering simultaneously two types of concept-forming operators) and generalize the
previous relationship to mappings between the sets of extents (or intents) of the corresponding
concept lattices.

1. Introduction

Formal Concept Analysis (FCA) has become a very active research topic, both the-
oretical and practical; its wide applicability justifies the need of a deeper knowledge
of its underlying mechanisms, and one important way to obtain this extra knowl-
edge turns out to be via generalization.

Since the seminal paper (Burusco and Fuentes-Gonzélez 1994), several fuzzy
variants of generalized FCA have been introduced and developed both from the
theoretical and the practical side. The consideration of the adjointness property
in residuated lattices as the main building blocks of fuzzy concept lattices was
an important milestone simultaneously developed by (Pollandt 1997, Belohlavek
1998).

More recently, a number of new generalizations have been introduced, either
based on fuzzy set theory (Alcalde et al. 2010, 2011), or the multi-adjoint frame-
work (Medina et al. 2009, Medina and Ojeda-Aciego 2010, 2013) or heterogeneous
approaches (Butka et al. 2012, Medina and Ojeda-Aciego 2012, Diaz et al. 2014).

FCA has been extended as well by considering alternative paradigms, for instance
one can find generalizations of the framework and scope of FCA based on from
possibility theory (Dubois and Prade 2012) or rough set theory (Wu and Liu 2009,
Lei and Luo 2009, Lai and Zhang 2009, Medina 2012, Kang et al. 2013).

Concerning applications of techniques of generalized formal concept analysis, one
can see papers ranging from ontology merging (Chen et al. 2011) and resolution of
fuzzy or multi-adjoint relational equations (Alcalde et al. 2012, Diaz and Medina

*Corresponding author. Email: jan.konecny@upol.cz

ISSN: 0308-1079 print/ISSN 1563-5104 online
© 2008 Taylor & Francis

DOI: 10.1080/0308107Y Y XXXXXXXX
http://www.informaworld.com



November 17, 2014

10:6 International Journal of General Systems text

2 J. Konecny, M. Ojeda-Aciego

2013), to applications to the Semantic Web by using the notion of concept similarity
or rough sets (Formica 2012), and from noise control in document classification (Li
and Tsai 2011) to ontology-based sentiment analysis (Kontopoulos et al. 2013), or
the study of fuzzy databases, in areas such as functional dependencies (Mora et al.
2012), or even linguistics (Falk and Gardent 2014).

All the generalizations stated above focused on the development of a general
framework of FCA including extra features (fuzzy, possibilistic, rough, etc.) and
some of its possible applications. However, not much have been published on the
suitable general version of certain specific notions, such as the bonds between
formal contexts.

One of the motivations for introducing the notion of bond was to provide a tool
for studying mappings between formal contexts, somehow mimicking the behavior
of Galois connections between their corresponding concept lattices. In this paper
we deal with generalizations of the notion of bond for which, to the best of our
knowledge, only one general version has been introduced, see (Kridlo et al. 2012),
wrt the standard concept-forming operators used in (Belohlavek 1998).

The notions of bonds, scale measures and informorphisms were studied by
Krotzsch et al. (2005) aiming at a thorough study of the theory of morphisms in
FCA; in areas related to ontology research, just infomorphisms are used, whereas
more general approaches, namely more general heterogenous bonds, could be uti-
lized. Kridlo et al. (2013) use bonds to include background knowledge into data;
the heterogeneous bonds described in this paper enable us to give an alternative
semantics the background knowledge. Another application of bonds can be seen in
(Meschke 2010) where bonds are used to approximate concepts, allowing to focus
on just a sub context without losing implicational knowledge and, hence, reducing
the size of a concept lattice.

We study generalizations of the notion of bond within the L-fuzzy setting. Specif-
ically, given a formal context there are three prototypical pairs of concept-forming
operators, and this immediately leads to three possible versions of the notion of
bond (so-called homogeneous bond wrt certain pair of concept-forming operators).
The first results show a close correspondence between a homogeneous bond between
two contexts and certain special types of mappings between the sets of extents (or
intents) of the corresponding concept lattices. Later, we introduce the so-called
heterogeneous bonds (considering simultaneously two types of concept-forming op-
erators) and generalize the previous relationship to mappings between the sets of
extents (or intents) of the corresponding concept lattices.

2. Preliminaries

2.1 Residuated Lattices, Fuzzy Sets, and Fuzzy Relations

We use complete residuated lattices as basic structures of truth-degrees. A complete
residuated lattice is a structure L = (L, A, v,®, —,0, 1) such that

(i) (L, A,v,0,1) is a complete lattice, i.e. a partially ordered set in which
arbitrary infima and suprema exist;
(ii) (L,®, 1) is a commutative monoid, i.e. ® is a binary operation which is
commutative, associative, and a ® 1 = a for each a € L;
(iii) ® and — satisfy adjointness, i.e. a®@b < ciff a <b—c.
Recall that the partial order of L is denoted by <, elements 0 and 1 denote the

least and greatest elements and, note that throughout this work, L denotes an
arbitrary complete residuated lattice whose multiplicative unit is also its greatest
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element in the spirit of Goguen (1967).

Elements a of L are called truth degrees. Operations ® (multiplication) and —
(residuum) play the role of (truth functions of) “fuzzy conjunction” and “fuzzy
implication”. Furthermore, we define the complement of a € L as

—a=a—0 (1)

An L-set (or L-fuzzy set) A in a universe set X is a mapping assigning to each
x € X some truth degree A(x) € L. The set of all L-sets in a universe X is
denoted LX.

The operations with L-sets are defined componentwise. For instance, the intersec-
tion of L-sets A, B € L is an L-set An B in X such that (AnB)(z) = A(z) A B(x)
for each = € X, etc. An L-set A € LX is also denoted {4®)z | x € X}. If for all
y € X distinct from x1, 29, ..., x, we have A(y) = 0, we also write

(A gy, Ay L ALY, (2)

Furthermore, in (2) we write just = instead of Y.

An L-set A € L¥ is called crisp if A(z) € {0,1} for each z € X. Crisp L-sets can
be identified with ordinary sets. For a crisp A, we also write x € A for A(x) = 1 and
x ¢ Afor A(x) = 0. An L-set A € LX is called empty (denoted by &) if A(z) = 0
for each x € X. For a € L and A € L, the L-sets a ® A, « —» A, A — a, and —A
in X are defined by

(a®A)(z) = a® Az), 3)
(@ = A)(z) = a = A(z), (4)
(A= a)(z) = A(z) — a, ()

—A(z) = A(z) = 0 (6)

For A € LX the L-sets a ® A,a — A, A — a are called a-multiplication, a-shift,
and a-complement, respectively.

Binary L-relations (binary L-fuzzy relations) between X and Y can be thought
of as L-sets in the universe X x Y. That is, a binary L-relation I € LX*Y between
a set X and a set Y is a mapping assigning to each x € X and each y € Y a truth
degree I(x,y) € L (a degree to which  and y are related by I). By IT we denote
the transpose of I; i.e. IT € LY*X with IT(y,2) = I(z,y) forallz € X,y e Y.

Various composition operators for binary L-relations were extensively studied by
Kohout and Bandler (1985); we will use the following three composition operators,
defined for relations A € LX* and B e LF*Y:

(Ao B)(z,y) = \/ Alz, /) ® B(f,y), (7)
feF

(A< B)(z,y) = /\ A=, f) = B(f.y), (8)
fer

(AvB)(z,y) = /\ B(f,y) — Az, f). (9)
feF

All of them have natural verbal descriptions. For instance, (A o B)(x,y) is the
truth degree of the proposition “there is factor f such that f applies to object x
and attribute y is a manifestation of f’; (A< B)(x,y) is the truth degree of “for
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every factor f, if f applies to object x then attribute y is a manifestation of f”.
Note also that for L = {0,1}, A o B coincides with the well-known composition of
binary relations.

We will occasionally use some of the following properties concerning the associa-
tivity of several composition operators, see (Belohlavek 2002).

Theorem 2.1:
composition.

The operators above have the following properties concerning

o Associativity:

Ro(SoT)=(RoS)oT, (10)
R« (SvT)=(R«S)>T, (11)
R« (S<«T)=(RoS)«T, (12)
Reo(SoT)=(R>S)>T. (13)

o Distributivity:

(UR,)oSzU(RZo . and Ro(USi)—U(RoSZ), (14)
(mRi)>S:ﬂ(Ri>S), and R»(USQzﬂ(R»SZ), (15)
JR)<«S=(\Ri<S), and R<([)S) =[RS (16)

2.2 Formal fuzzy concept analysis

An L-context is a triplet (X,Y,I) where X and Y are (ordinary nonempty) sets
and I € LX*Y is an L-relation between X and Y. Elements of X are called objects,
elements of Y are called attributes, I is called an incidence relation. I(x,y) = a is
read: “The object x has the attribute y to degree a.”

Consider the following pairs of operators induced by an L-context (X, Y, I'). First,
the pair (1,4 of operators T : LX — LY and ¥ : LY — L¥ is defined, for all A € LX
and B e LY, by

= /\ A(z)

reX

= A\ B@y)

yey

) — I(x,y), ) — I(z,y). (17)

Second, the pair (", of operators " : LX — LY and YV : LY — L¥X is defined by

B(z) = \ I(z,y) - B(y), (18)

yey

\/A YR I(z,y),

zeX

Third, the pair (", ") of operators " : LX — LY and ¥ : LY — L¥ is defined by

AMy) = N\ I,y

zeX

) — A(a), = \/ B) ®I(z,y),

yeY

(19)

The three previous pairs are those more commonly used in the literature related
to residuated lattice-based generalizations of FCA. In this respect, it is worth to
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note that there exists a fourth pair of concept-forming operators not considered in
the present work which can be viewed as a double dualization on the first pair.

Remark 2.2 Notice that the three different pairs of concept-forming operators
can be interpreted as instances of the composition operators between relations.
Applying the isomorphisms L'*¥ ~ LX and LY*! ~ LY whenever necessary, one
could write them, alternatively, as follows:

At = AaT ANV = Ao] AN = AT
Bl=I+B BY=1<B BY=1I0oB

Furthermore, denote the corresponding sets of fixed points by B™(X,Y,I),
BV(X,Y,I), and B"Y(X,Y,I), i.e.

BY(X,Y,I) = {(A,BYe LX x LY | A" = B, B = A},

BV(X,Y,I)={{A,Bye LX x L | A" = B, BY = A},

BY(X,Y,I) = {{A,B)e LX x LY | A" = B, B' = A}.
The sets of fixpoints are complete lattices (Pollandt 1997, Belohlavek 1999,
Georgescu and Popescu 2004), called the standard (resp. object-oriented, and
property-oriented) L-concept lattices associated with I, and their elements are
called formal concepts.

For a concept lattice B2 (X, Y, I), where B~ is either of B, B"Y, or B"Y, denote
the corresponding sets of extents and intents by Ext®Y(X,Y, I) and Int®V (X, Y, I).
That is,

Ext®(X,Y,I) = {Ae LX | (4,B) e B*V(X,Y,I) for some B},
Int*V(X,Y,I) = {Be LY | (A, B) e BV (X,Y,I) for some A},
The operators induced by an L-context and their sets of fixpoints have extensively
been studied, see e.g. (Pollandt 1997, Belohlavek 1999, 2001, 2004, Georgescu and

Popescu 2004).
We will need the following result by Belohlavek and Konecny (2012b).

Theorem 2.3: Consider L-contexts (X,Y, ), (X, F,A), and {(F,Y, B).
(a) Int"(X,Y,I) € Int"V(F,Y, B) if and only if there exists A" € LX*F such

that I = A' o B,

(b) Ext"V(X,Y,I) € Ext"V(X, F, A) if and only if there exists B' € LE*Y such
that = Ao B,

(c) Int"™(X,Y,I) € Int"(F,Y, B) if and only if there exists A" € LX*F such
that I = A'« B,

(d) Ext™(X,Y,I) € Ext" (X, F, A) if and only if there exists B' € L¥*Y such
that I = A B'.

(e) Ext™N(X,Y,I) € Ext"V(X, F, A) if and only if there exists B' € LF¥*Y such
that = A« B’

(f) Int™(X,Y,I) < Int"Y(F,Y, B) if and only if there exists A" € LX*F such
that I = A’ » B.

In addition, we also have

(g9) Ext"V(X,Y, Ao B) C Ext"V(X, F, A).
(h) Int""(X,Y, Ao B) € Int"V(F,Y, B).
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We will also utilize following lemma by Belohlavek and Konecny (2011).
Lemma 2.4: Let I,J € L**Y. We have BY" = BY for each Be LY iffI1 = J

2.3 Morphisms of closure and interior systems
A system of L-sets V' < LX is called an L-interior system if

— V is closed under ®-multiplication, i.e. for every a € L and C € V we have
a®CeV;
— V is closed under union, i.e. U C; € V whenever Cj € V for all j € J.
jeJ
V < LX is called an L-closure system if

— V is closed under left —-multiplication (or —-shift), i.e. for every a € L and
CeV wehavea > CeV;
— V is closed under intersection, i.e. ﬂ C; € V whenever C; € V for all j € J.
jeJ

One can find examples of L-closure and L-interior systems in the framework
of formal fuzzy concept analysis as follows: for an L-context (X,Y,I), the sets
Ext™(X,Y,I), Ext"(X,Y,I), Int"(X,Y, I), and Int™ (X, Y, I) are L-closure sys-
tems, while Ext"V(X,Y,I) and Int"V(X,Y,I) are L-interior systems, see (Be-
lohlavek and Konecny 2011, 2012b, Konecny 2012).

Definition 2.5:

(a) A mapping h:V — W from an L-interior system V < L¥ into an L-interior
system W < LY is called an i-morphism if it is a ® and \/-morphism, i.e.
— h(a®C) =a®h(C) for each a € L and C € V;
— h(Vier Cr) = Vier M(Cy) for every collection of Cp € V' (k € K).
An i-morphism h : V — W is said to be an extendable i-morphism if h can
be extended to an i-morphism of LX to LY, i.e. if there exists an i-morphism
h': LX — LY such that for every C € V we have h'(C) = h(C).

(b) A mapping h: V — W from an L-closure system V < L¥ into an L-closure
system W € LY is called a c-morphism if it is a —- and A-morphism and it
preserves a-complements, i.e. if

— h(a—> C)=a— h(C) for eachae L and C e V;
h(Ager Ck) = Niex h(Cy) for every collection of Cy, € V (k € K);
— if C is an a-complement then h(C) is an a-complement.
A c-morphism h : V. — W is called an ezxtendable c-morphism if h can be
extended to a c-morphism of LX to LY, i.e. if there exists a c-morphism
h': LY — LY such that for every C € V we have h/(C) = h(C).
(c) A mapping h: V — W from an L-interior system V S L¥ into an L-closure
system W € LY is called an a-morphism if
~ h(a®C) =a— h(C) for each ae L and C € V;
RN rer Ck) = \per R(Cy) for every collection of CrLeV.
An a-morphism h : V — W is called an extendable a-morphism if h can be
extended to an a-morphism of LX to LY, i.e. if there exists an a-morphism
h': LX — LY such that for every C' € V we have h/(C) = h(C).

In this paper we will consider only extendable morphisms, for which the following
results will be used hereafter, see (Belohlavek and Konecny 2011, 2012b, Konecny
2012).

Lemma 2.6: ForV < L,
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(a) if h: V. — LY is an i-morphism then there exists an L-relation R € LX*Y

such that h(C) = C o R for every C € V.

(b) if h: V. — LY is a c-morphism then there exists an L-relation R € LX*Y
such that h(C) = C > R for every C € V.

(c) if h: V — LY is an a-morphism then there exists an L-relation R € LX*Y
such that h(C) = C <« R for every C e V.

Lemma 2.7: Let Re LY*X,

(a) the mapping hp : LX — LY defined by hg(C) = Ro C and the mapping
gr : LY — LX defined by gr(C) = C o R are i-morphisms.

(b) the mapping hr : LX — LY defined by hr(C) = R< C and the mapping
hy : LY — LY defined by gr(C) = C > R are c-morphisms.

(c) the mapping gr : LX — LY defined by hr(C) = R > C and the mapping
gr : LY — LX defined by gr(C) = C <« R are a-morphisms.

The previous lemmas together with Remark 2.2 allow for establishing a link
between {i,c,a}-morphisms with formal fuzzy concept analysis in that, for instance,
hr(C) in (a) coincides with CV just using R as incidence relation (hence we will
denote the corresponding concept-forming operator as vg). Similarly, we will use
R, Ur and so on.

3. Homogeneous L-bonds

This section introduces some new notions studied in this work. To begin with,
we introduce the notion of homogeneous L-bond as a convenient generalization of
bond. Firstly, it will be convenient to recall the classical notion of bond.

A bond between two contexts Ky = (X1, Y1, 1) and Ky = (X5, Y3, I5) is a relation
B < X1 x Y5 such that

(B1) For all x € X1, the set 3(z) is an intent of (X, Yo, I5);
(B2) For all y € Y, the set 37!(y) is an extent of (X1, Y1, I1);

where 3(z) € Y2, 671 (y) € X1 s.t. (B(2))(y) = B(z,y) = 57 (y)(@).
Note that, in the classical case, these conditions are equivalent to

(B1’) Each extent of (X7, Ya,3) is an extent of (X1, Y1, 7).
(B2’) Each intent of (X1,Y3, ) is an intent of (Xs, Y3, o).

These conditions lead us to the following generalization to the L-fuzzy case.

Definition 3.1: A homogeneous bond wrt (A, V) between two L-contexts K; =
(X1,Y1,11) and Ky = (X5, Y5, I3) is an L-relation 8 € LX1*Y2 g t,

EXtAv(Xl,YQ,ﬁ) < EXtAv(Xl,Yl,Il) and IntAv(Xl,}/z,ﬁ) - IHtAv(XQ,YQ,IQ).

Now, we can explain the use of the term homogeneous in that the same pair of
concept-forming operators is used in both inclusions in the definition above. Later,
in Section 4 we will consider heterogeneous bonds in which the concept-forming
operators appear mixed in the inclusions above.

In this section we study homogeneous bonds with respect to {(n,u) and homoge-
neous bonds with respect to (s, v).

Remark 3.2

(a) Note that homogeneous bonds with respect to (1,¥) were studied in (Kridlo
et al. 2012). In Section 4.2 we will provide a comparison of our results with
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those in the previous reference. See also Remark 3.15.

One can observe that homogeneous bonds wrt {a,v) from (Xy,Y1,I;) to
(X3,Ys, I3) are transposes of homogeneous bonds wrt {n,u) from (Y3, Xo, I])
to (Y1, X1, I1).

Homogeneous bonds can be put in relation to that of c-morphism.

(a)

(b)

(a)

Theorem 3.3:

The homogeneous bonds from (Xi1,Y1,I) to (X9,Ys,Is) wrt {n,uy are in
one-to-one correspondence with the c-morphisms from Ext"V(Xs,Ys, Is) to
EXtﬂU(Xl,}/i,Il).
The homogeneous bonds from (X1,Y1,I1) to (Xo,Ya,I5) wrt {a,v) are in
one-to-one correspondence with the c-morphisms from Int"Y(X1,Y1,1h) to
Int"Y(Xs, Y, I).

Proof:

We show procedures to obtain the c-morphism from a homogeneous bond and
vice versa.

“=": Let # be a homogeneous bond from (Xi,Y7,11) to (Xa,Ya, Iz) wrt
{n,u). By Definition 3.1 we have Int"Y(X1,Ys,3) € Int"V(Xs, Y5, I5); thus
by Theorem 2.3 there exists R € LX'*%> such that 3 = R o I,. Now, by
Lemma 2.7, the induced operator of this type ur: LX*> — LX', such that
CYr = R« C, is a c-morphism.

It only remains to check that when C is an extent of Ky, its image R« C
is an extent of Kj. Assume C € Ext"V(Xy, Y3, I3), then we have that C' =
DVi2 = Iy« D for some D € LY?; now using this expression in R < C we have

RaC=Ra(l3<«D)=(Rol)«D=p<«D=D"

and, as a result, we obtain that R« C is in Ext"V(X1, Y2, 8) and, therefore, as
0 is a homogeneous bond, it is also an extent of Kj.

Now, let us show that the previous construction, given a homogeneous bond
B from (X1,Y1, 1) to (Xa,Ys, Iz) wrt (n,u), produces a unique c-morphism
fﬁ! EXtﬁU(XQ, YQ, _[2) i EXtﬁU(Xl, Yi, Il)

It is enough to check that the construction does not depend on the relation
used to factorize 3, i.e. for any R, S € LX1*X2 gatisfying = Ro Iy = Sol,
we have that the equality

cYr = Vs (20)

holds for all C' € Ext"V(Xs,Ys, I1). Now, by definition, Ext™(Xs, Y, I1) =
{DV= | D € L2} the equality (20) is equivalent to

DViYr — pUnYs  for all D e LY. (21)
but we have that

_DUfzuR :Rq(IQQD):(ROIQ)ﬂD:ﬂQD
DUIQUS:SQ(IQQD):(SQIQ)QD:ﬁQD

Thus, equality (21) holds true, and both relations R and S induce the same
c-morphism fg: Ext™V(Xa, Yz, Ir) — Ext™ (X1, Y1, ).
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“<": For a c-morphism f: Ext"(Xs,Ys,I5) — Ext"(Xi1,Y1,11), by
Lemma 2.6, there is an L-relation S € LX2*%X1 st. f(C) = CYs = ST «
C= C v S for each C € Ext"V (X3, Y3, I5).

By considering 3 = ST o I, and using Theorem 2.3(a) one obtains
that Int"V(X1,Ys,8) © Int"V(Xy, Y, I2). For the inclusion between the ex-
tents, it is sufficient to show that Ext™(Xy,Ys,3) € Im(f): assume C €
Ext"V(X1,Ys, 8), then there exists a D such that C = 3 < D. Unfolding the
definition of 4 and applying some relational equalities we obtain the following;:

C=p<D=(8Tol)aD=8"a(Iy4«D)= (I« D) v 8 = f((Is« D))

As, by assumption, Im(f) € Ext"V(Xy, Y1, 1), we have that 3 is a homoge-
neous bond from (X1, Y1, I1) to (Xa,Ys, I5) w.r.t {n,u).

Let us prove now that this construction produces a unique homoge-
neous bond [y from (Xi,Y1,I1) to (X2,Ys,I5) for a given c-morphism
f: Ext"V(Xs,Ys, I) — Ext™(X1, Y1, 1) wrt {n, ). It is enough to show

Rloly=85Tol,. (22)

for all relations R, S € LX2*%1 satisfying
f(C)=CrR=Cr»S forall CeExt" (X, Y, I5) (23)
Since Ext"V(Xa, Ya, Is) = {D"Y2 | D € L2} the condition (23) is equivalent to
f(DY2) = DY o R= DY 8 for all D e LY. (24)

We have DViz > R = (I« D) » R = RT < (I3« D) = (RT 0 I3) <« D and similarly
DYz » S = (ST o I3) « D, hence the condition (23) is equivalent to

f(DY2)=(RY o)« D= (STol)«D
— Dirter, = DsTor,  for all D e L?.

By Lemma 2.4 we have RY o I = ST o I, and (22) is satisfied and 3y is
well-defined.

Finally, the one-to-one correspondence stated by the theorem will be com-
pletely proved if 8y, = [ and fg, = f. For this, it is worth to recall both
directions of the correspondence in purely relational terms:

e Given S, if 8 = Ro Iy, then f3(C) = R« C =C»RT

o Given f,if f(C) =C» S, then §; = STol,

Assume that 3 = Ro I, then (35, = ST o I, for some relation S which is a
right factor of fg wrt », by definition of fg it is possible to consider ST = R.
As a result, we obtain 3y, = 3.

Now, assume f can be written as f(C) = C v S, then 8y = ST o I which,
in its turn, implies that fg, = ST«C=C»8=Ff.

Follows from (a) and Remark 3.2(b).

O

The previous remark and theorem show that the homogeneous bonds wrt {(n,u)

are different from homogeneous bonds wrt {(x, v)
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Theorem 3.4:  The system of all homogeneous bonds wrt {n,u) (resp. wrt {n,v))
from Ky to Ko is an L-interior system.

Proof: We prove the result only for {n, u); the other part then follows from Remark
3.2(b).

Consider a family {3; € LX1*%2 | j € J} of homogeneous bonds from K; to
Ky and let us show that § = Uj B; is a homogeneous bond; i.e. that A" €

Int"V(Xs, Ya, I) and BY# € Ext" (X1, Y1, ).

A% = AoB = Ao (8 =JAos) = Ja™
J J J
Thus we have that A" = UjeJ A" proving that A" € Int"V(Xs, Ya, I3) since
Int"V (X5, Ys, I5) is an L-interior system.
Similarly we have

B =paB=(s) B =548 =B"
J J J
Thus we have that B = (1, BY%; proving that BY? € Ext"V(Xa,Ys, Is) since
Ext"V (X3, Ys, I3) is an L-closure system.
Second, we show that if 3 is a homogeneous bond from (X1, Y1, I1) to (X3, Y3, I2)
then a ® 3 is a homogeneous bond as well. For every A € LX' we have

Aﬂa®ﬁ = Ao (Idaoﬁ) = (AOIda) Oﬁ = (G/®A)ﬂﬁa

where Id, the identity relation on X; multiplied by a € L; i.e. Id, = a ® Id. Thus
ANeos = (@A) € Int"V (X3, Ya, I2).
For every B € LY we have

BY®" = (Id,0 B)a B=1da < (3« B) = a — BY.

Thus BY-®s = @ — BY, proving that BY-® ¢ Ext"V(Xs,Ys,I5) since
Ext"V(Xa, Ya, I3) is an L-closure system.
The system of all homogeneous bonds is closed under union and multiplication,
whence it is an L-interior system.
O

3.1 Strong homogeneous bonds

In this section, we will consider homogeneous bonds wrt both pairs of isotone
concept-forming operators simultaneously; the antitone pair <T,i> will be consid-
ered in Section 4.2. Formally, we introduce the notion of strong homogeneous bond
as follows:

Definition 3.5: A strong homogeneous bond from L-context Ky = (X3,Y7, 1)
to L-context Ko = (X9, Y5, I) is an L-relation 8 € LX1*¥2 s.t. 3 is a homogeneous
bond wrt both {n,u) and {a, v).

The following shows that there exist homogeneous bonds which are not strong
homogeneous bonds. as the following example shows.
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Example 3.6 Consider L a finite chain 0 < a < b < 1 with ® defined as follows:

® zAy ifz=1ory=1,
X =
Y 0 otherwise,

for each z,y € L. One can easily see that z ® \/j Y = \/](:1: ® y;) and thus an
adjoint operation — exists such that (L, A, v,®,—,0, 1) is a complete residuated
lattice. Namely, — is given as follows for all x,y € L:

1 ifx<y,
r—oy=<y ifz=1,

b otherwise,

Consider the sets X7 = Xo = {z}, V1 = Yo = {y}, and the re-
lations I1 = {%x,y)} and I = {Y%{x,y)}. One can check that, we
have Ext"V({z},{y}, 1) = Ext™({z},{y},L) = {{Yz},{z}} and, trivially,

Int"({z}, {y}, ) = Int"Y({z}, {y}, I2). Thus I5 is a homogeneous bond between
I and I wrt {(n,u).
On the other hand, I is not a homogeneous bond between I; and Iy wrt {1, v)

since Ext"" ({a}, {y}, 1) = {@, {Va}} 2{D. {Vz}} = Ext"({a}, {y}, o).

The following lemma introduces alternative characterizations of the notion of
strong homogeneous bond.

Lemma 3.7: The following statements are equivalent:

(1) B is a strong homogeneous bond from Ky = (X1,Y1, I to Ky = (X9, Ys, I5).

(2) BB satisfies both Ext"Y (X1, Ys, ) € Ext"Y (X1, Y1, I1) and Int"V (X1, Ys, 8) €
IntﬁU(XQ, YQ,IQ).

(3) B satisfies both {y}"s € Ext"V(X1,Y1, 1) and {x}"¢ € Int"V(Xy, Yz, I5) for
each v € X1,y € Ys.

(4) B=Secoly =1 08; for some S, € LX**X2 and S; € LY1*Y2,

Proof: (1) = (2): Directly from definition of strong homogeneous bond.
(2) = (3): Trivial, since {y}"'? € Ext"V(X1, Y2, 3) and {z}" € Int"V (X7, Y, 3).
(3 = (4): Each L-set A in L can be written in the following form |, x, A(z)®
{x}. Then we have:

A (y) = \/ (| A@) @ {2} ® 8, y)

r'eX: reX,

=V (V4@ @ #}@) @ 6'.y)
r'eX, zeX,

=V V Aw@) @ {z}) © B, y)
reX; x'eX;

- \/A ®\/{x} ) ® B2, y)
reX xr'eX

=\ A@) ® {z}" ()
reX,

(U A @ =) w).

CEGXl



November 17, 2014

10:6 International Journal of General Systems text

12 J. Konecny, M. Ojeda-Aciego

As a result we obtain A™ € Int"V(Xy,Ys, I5) since {z}" € Int"V(Xy, Ys, I5) for
each z € X7 and Int”U(Xg,Yg, L) is an L-interior system. Because each intent in
Int"V(X1,Ya, 8) has the form A", we get Int"V(X1, Y2, 3) € Int"V(Xs, Ys, I5). The
existence of S, now follows from Theorem 2.3. The existence of S; can be proved
similarly.
(4) = (1): By Theorem 2.3 items (a),(b),(g),(h).
[l

Remark 3.8 It is worth noting that, although conditions (B1’)-(B2’) are equiv-
alent to (B1)-(B2) for the concept-forming operators (7,'), they are no longer
equivalent for other concept-forming operators, i.e. {n,u) and {a,v), instead the
conditions (B1’)-(B2’) are weaker. Definition 3.5 corresponds to conditions (B1)-
(B2) as Lemma 3.7 (3) shows.

Strong homogeneous bonds can be related to the i-morphisms.

Theorem 3.9: The strong homogeneous bonds from K; = (X1,Y1,11) to Ky =
(X9,Ys,I5) are in one-to-one correspondence with

(a) i-morphisms from Int"Y (X1, Y7, I1) to Int"V (X, Ys, I5).
(b) i-morphisms from Ext""(Xs,Ys, I5) to Ext"Y(X1,Y1, Ih).

Proof: We prove only (a), the proof of (b) is dual. We show procedures to obtain
the i-morphism from Int"V(X7, Y7, ;) to Int"Y(X3, Ys, I5) from a strong homoge-
neous bond and vice versa.

“=": Let # be a strong homogeneous bond from K; = (X1,Y1,[;) to Ky =
(Xo,Ys,I5). By Lemma 3.7 there is S; € LY**Y2 such that 3 = I; o S;. The in-
duced operator ng, is an i-morphism from Int"V(X7, Y1, ) to Int"V(Xs, Y2, I3) by
Lemma 2.7(a).

“<”": For i-morphism f from Int"Y(X1,Y7,11) to Int"V(Xs,Ys, I5) there is an
L-relation S; s.t. f(B) = B"s: for each B € Int"V(Xj,Y:, ;) by Lemma 2.6(a).
Denote 3 = I; o S;. Each C € Int"V(X1,Ys, 3) is equal to A"? for some A € LX:
and A" = Ao = Ao ([108) = (Aoh)oS = (AoD)" = f(Ao ) €
Im(f). Thus, we have Int"V(X1, Y2, 3) € Im(f) S Int"Y (X5, Y, I3); furthermore we
have Ext"" (X1, Ys,8) € Ext"V(Xy,Y1,1;) by Theorem 2.3(b). Hence (3 is strong
homogeneous bond by Lemma 3.7.

The fact that the two mappings between bonds and i-morphisms are mutually
inverse can be checked as in the proof of Theorem 3.3. O

Theorem 3.10: The system of all strong homogeneous bonds is an L-interior
system.

Proof: Using Lemma 3.7 (2), it is an intersection of the L-interior systems from
Theorem 3.4. O

3.2 Direct o-products

In the previous section we have studied the properties of homogeneous bonds, in
particular its one-to-one correspondence with c-morphisms and i-morphisms. In this
section, somehow paraphrasing Ganter (2007), we introduce the parameterized!
direct product of contexts in order to elegantly describe the different families of
generalized bonds between two given contexts.

IWe introduce here the o-product, but we will later introduce the »-product and the <-product as well.
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Definition 3.11: Let Ky = (X1,Y1,11),Ke = (X»,Ys, I5) be L-contexts. The
direct o-product of Ky and Ky is defined as the L-context

Ki KKy = (X x Y1, Xy x Y,A)

with A((xa, y1), (x1,y2)) = Li(21,91) @ L2(22, y2).

Theorem 3.12:

(a) The {n,vy-intents of K; XKy are strong homogeneous bonds from K; to K.
(b) The {n,v)y-extents of Ki XKy are strong homogeneous bonds from Ky to Kj.

Proof: We prove only (a); the (b)-part is dual. We have

¢ () =\ dl@a,m) © A((w2, y1), (21, 92))

{x2,y1 )EX>x Y7

- \/ d(zo,y1) ® I1(x1,y1) ® Ia(x2, y2)

(x2,y1)EX2 x Y1

\/ \/ ¢(w2, 1) ® 11 (21, 1) ® I2(22,Y2)

Y1 €Y; 226X

V Lny) @ \/ ér2,51) © I(w2, y2)

Y1€EY] T2€Xo
= \/ Li(z1,11) @ (67 0 L) (y1,y2)
yleYl

= (I 0 ¢" o L) (w1, y2).

Now, notice that (I; 0 ¢T) oIy = Iy o (¢T o Iy) = 3 is a strong homogeneous bond
by Lemma 3.7. O

Remark 3.13 It is worth mentioning that not every strong homogeneous bond is
included in Inth(X 1 X Yo, X9 x Y7, A) since there are strong homogeneous bonds
which are not of the form of I; o ¢ o I5. For instance, using the same structure
of truth degrees and I as in Example 3.6, obviously [ is a strong homogeneous
bond on K (i.e. from K; to K;), but Int"V(X; x Y3, X3 x Y7, A) contains only an
empty set.

Corollary 3.14: The intents of Ky XKy are exactly those strong homogeneous
bonds from Ky to Ko which can be decomposed as I o qST oIy for some ¢ € LX2xY1,

Proof: The final line of the proof of Theorem 3.12 explains which strong homo-
geneous bonds are intents of K; X Ko.
(]

Remark 3.15 The relationship with the homogeneous bonds wrt {7, introduced
in (Kridlo et al. 2012) is the following: If the double negation law holds true in L
we have the equality Ext™(X,Y,I) = Ext"V(X,Y, —I). Thus, for a strong homo-
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geneous bond f e LX1*Y2 = § oI, = I} 0 S; from K; to Ky we have

(—=8)(21,92) = —(Se 0 I2) (w1, y2)
= ( \/ (Se(x1, 22) ® I2(22,12))) = 0

1‘2€X2

= A (Se(z1,22) ® Ia(w2,32)) — 0)

rEX o

= A\ Selor, ) = (Ta(aa, o) = 0)

ToEX o

= (Se < —JQ)(l‘l, yz).

for each x1 € X1, y2 € Ya. Similarly, we can show that =3 = —1I; » S;. Thus = is
a homogeneous bond wrt (I, ) from —K; to —Ks.

Some papers (Ganter 2007, Kridlo et al. 2012) have considered direct products
in the crisp and the fuzzy settings, respectively, for the concept-forming operators
(IS, In (Kridlo et al. 2012) conditions are specified under which a homogeneous
bond wrt {T,} ) is present in the concept lattice of the direct product. Corollary 3.14
and Remark 3.15 provide a simplification of these conditions.

A different direct product of contexts K; H Ky = (X5 x Y7, X7 x Yo, A) was
defined in (Kridlo et al. 2012), with the incidence relation given by

A2, y1),{T1,Y2)) = ~11(71,91) — 272, y2)

(25)
(= —Ix(72,y2) = Li(21,1))-

For the concept-forming operator Ts we have

o) = N\ dlam) = (Fhizm) - L@, )
{z2,y1)€X2x Y]

= /\ —Ii(z1,y1) = (P(x2, y1) = L2(22,92))
<(l?2,y1>€X2 XY1

/\ /\ =11 (z1,y1) = (d(22, 1) — I2(22,92))

T2€Xo Y1EYL

I\ ~hiany) =\ (Gle2,91) = T(22,12)

y1€Y1 x2€X2
= A =) — (6 1 D))
y1€Y]

= [~11 9 (¢" a I2)](z1, 2)
= [(=L1 0 ¢") <« I)|(x1, 92)
= [=(=L o ¢" o =I)](21,42).
Whence a strong homogeneous bond wrt (T,¥) is an intent of the concept lattice

of Ky Ky iff it is possible to write it as =(—1I; 0 ¢ o =I5, i.e. if its complement
is an intent of —K; x| —Ks.
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Figure 1. Lattice of all homogeneous bonds wrt isotone concept-forming operators on K from Example
3.16. Homogeneous bonds wrt {n,u) are drawn with dashed border; Homogeneous bonds wrt {a,v) are
drawn with dotted border; strong homogeneous bonds are drawn with solid border; and intents of K [x] K
are drawn with double border.

Example 3.16 Consider formal L-context

K:

S wl
[SSIINW
—_

Figure 1 depicts a lattice of all homogeneous bonds from K to K wrt {n,u) and

Ay v).

4. Heterogeneous L-bonds

This section introduces heterogeneous L-bonds in the sense that conditions gener-
alizing (B1’) and (B2’) relate different pairs of concept-forming operators. Partic-
ularly, we study so-called a-bonds and c-bonds defined as follows.

Definition 4.1:
(a) An a-bond from K; = (X;,Y1,11) to Ko = (X9,Y,I5) is an L-relation
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B e LX1*Y> guch that

Ext™(X1,Ys, 8) € Ext"(X1, Y1, 1)

(26)
Int™ (X1, Y, 8) € Int™(Xs, Ya, I).

(b) A c-bond from two L-contexts K; = (X1,Y7, ;) to Ky = (X2, Y2, I) is an
L-relation f € LX1*Y2 g t.

Ext™ (X1, Ys, 8) € Ext™ (X1, V1, Ih)
Int™ (X1, Y5, 3) € Int"V (Xs, Y, I5).
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Remark 4.2

(a) The terms a-bond and c-bond have been chosen to match with the notions of
a-morphism and c-morphism (Belohlavek and Konecny 2011, Konecny 2012,
Belohlavek and Konecny 2012b). Later, in Theorem 4.4 we will show that
a-bonds (resp. c-bonds) are in one-to-one correspondence with a-morphisms
(resp. c-morphisms) on associated sets of intents.

(b) Notice that both the sets of extents and intents in (26) and (27) are L-closure
systems. From this point of view, the condition of subsethood is natural.

(c) Notice also that a-bonds from (X1, Y1, 1) to (Xa, Ys, Iz) are transposed ver-
sions of c-bonds from (Y, Xo, I1) to (Y1, X1, I{).

The following theorem brings a characterization of a-bonds (resp. c-bonds) in
terms of relational compositions.

Theorem 4.3:

(a) B € L2 s an a-bond from Ky = (X1,Y1, 1) to Ky = (Xo,Ys, I2) iff
there exist L-relations S; € LY'*Y> and S, € LX*X2 | such that

ﬁz[1<Si:Se<IQ.

(b) Be LX Y2 s q c-bond from Ky = (X1,Y1,11) to Ko = (X2, Ys, Io) iff there
exist L-relations S; € LY'*Y> and S, € L2 such that

6211 DSiZSe DIQ.

Proof:

(a) Follows from Definition 4.1 and Theorem 2.3, items (c) and (e).
(b) Follows from Definition 4.1 and Theorem 2.3, items (d) and (f).

Theorem 4.4:

(a) The a-bonds from Ky = (X1,Y1,11) to Ko = (X9,Ya,I2) are in one-to-one
correspondence with
o a-morphisms from Int"V (X1, Y1, I1) to Int™ (X, Y, I);
o c-morphisms from Ext™ (X, Ys, I5) to Ext™(X1,Y1,11).
(b) The c-bonds from Ky = (X1,Y1,11) to Ko = (Xs,Yo, I5) are in one-to-one
correspondence with
o c-morphisms from Int™ (X1, Y1, 1) to Int"Y (X, Ya, Iy);
o a-morphisms from Ext"V(Xy,Ys, I5) to Ext™ (X1, Y1, Ih).

Proof:
(a) Let 8 be an a-bond from K; to Ky. By Theorem 4.3(a) we have § = I} < S;.
By Lemma 2.7 (c) f : LX2 — L% defined by

f(B)y=B<S; (=B's)

is an a-morphism. We need to show that it maps intents in Int"V(X1, Y1, I1) to
intents in Int™ (X5, Y5, I).
For each (A,B) € B"(X1,Y1,11) we have B = A", which is equivalent to
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B = Ao I by Remark 2.2. Then we have

f(By=B<Si=(Ao)<«Si=Axa(I1<5) =
= Aqap=Ab et (X, Y3, 0) € Int™(Xy, Yo, I2).

For the c-morphism, by Theorem 4.3(a) we have § = S, < I. By Lemma 2.7 (b)
f: L% » L% defined by

f(A) =S« A (= AYs)

is a c-morphism. We need to show that it maps extents in ExtN(XQ,YQ,Ig) to
extents in Ext™(X1,Y1,11). For each (A, B) € BN (Xy,Ys, I,) we have A = Blr,
which is equivalent to A = I » B by Remark 2.2. Then we have

f(A)=S.<«A=8.,4(Iy>B)=(Sea o) > B =
— f»B = Bl e Ext™N (X1, Y3, 8) € Ext"V (X1, Y1, I1).

We have just shown how to construct the associated c-morphism and the associated
a-morphism for a given a-bond. Now we show the inverse procedures.

Given an a-morphism f from Int"V(X;,Yy, ;) to Int™ (X, Y3, I3), by using
Lemma 2.6 (c), there is an L-relation S; € LY1*¥2 such that f(B) = B < S; for
each B € LY'. Now, we consider Bf = I < S;, and we need to show that it is an
a-bond from K; to K.

Firstly, by Theorem 2.3 (e) we have Ext™ (X1, Y3, 8;) € Ext™(X1, Y1, I1).

Now, all the elements in Int™ (X7, Yz, Br) have the form A'es for some A e LY.
Thus, we can write

Al = Aa By =Aa (I« S) = (AoT})< S
and, since Ao I} = A" € Int"V(X1, Y1, Ih),
(Aol)«Si= A" a8 = f(A"n) € Int™(Xo, Ya, I),
proving that Int™ (X1, Y2, 3;) € Int™ (X, Y2, ), and B is an a-bond from K;

to KQ.

Similarly, let g be a c-morphism from Ext™(Xy, Y3, I5) to Ext"V(X1,Y1,I;). By
Lemma 2.6 (b) there is an L-relation R € LX2*Xs such that g(4) = A » R for
each A € L*2, That is equivalent to g(A4) = RT « A. Denoting S, = RT we get
g(A) = S« A for each A € L*2. We consider By = Se < I and we need to show
that it is an a-bond from K to K.

By Theorem 2.3 (e) we directly have Int™ (X1, Y2, 8,) € Int™(Xy, Y2, I).

Now, all the elements in Ext™ (X1, Y5, B4) have the form B for some B € LY.
Thus, we can write

Biﬂg — (Se<1I2) > B =5« (_[2 DB)
and, since I » B = B*2 € Ext™ (X3, Y3, I1),

Se < (Iy > B) = S« BYz = g(B'2) € Ext™V(X, Y1, I),
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proving that ExtN(Xl,Yg,ﬂg) < Ext™(X1,Y1, 1), and B, is an a-bond from K;
to KQ.
The fact that the two pairs of mappings between bonds and a-morphisms (resp.
c-morphisms) are mutually inverse can be checked as in the proof of Theorem 3.3.
The proof of (b) is similar. O
Theorem 4.5:

(a) The system of all a-bonds from K; to Ky is an L-closure system.
(b) The system of all c-bonds from K; to Ky is an L-closure system.

Proof: (a) Consider a family {8; € LX1*X2 | j € J} of a-bonds from K; to Ko and
let us show that ﬂj B; is an a-bond. By Theorem 4.3 a-bonds [3; are of the form

Bj =11 <85 = Sej< Iy for each je J.

We have the following two expressions for ) e Bj

ﬂﬂj = ﬂ(h <« Sij) =T« (ﬂ Sij);

jeJ jeJ jeJ
(85 = ((Sej < ) = (| Sej) < .
JjeJ jeJ JjeJ

Thus, by Theorem 4.3, (), ; 3; is an a-bond.
Similarly, consider an a-bond 3, hence 8 = I1 « 5] = Se < I. Let us show that
a — [ is an a-bond as well:

a— B=pvcld,=(1<5)>1d, =11 < (S; > 1dg);
a— [B=1Idg<=1dg < (Se< I2) = (Idg 0 Se) < Is.

Thus, a — S is an a-bond from K; to Ky by Theorem 4.3. We showed that the
system of all a-bonds is closed under intersections and shifts, whence it is an L-
closure system.

Proof of (b) is similar.

4.1 Direct <-product and direct »-product

In this part, we focus on direct products of L-contexts which are related to a-bonds
and c-bonds.

Definition 4.6: Let K; = (X;,Y7, 1), Ky = (X9,Y5, Is) be L-contexts.

(a) A direct a-product of K; and Ky is defined as the L-context K; HKy =
(X2 x Y1, X1 x Yo, A) with A((w2,y1),{21,y2)) = I(21,y1) — l2(x2,y2)
for all 1 € Xl,l'g S Xg,yl S H,yg € YQ.

(b) A direct v-product of Ky and Ky is defined as the L-context Ki HKy =

(Xo x Y1, X1 x Yo, A) with A({wa, y1),{x1,y2)) = I2(x2,2) — Li(x1,y1)
for all 1 € Xl,xQ S Xg,yl S Yi,yZ € Yg.

The following theorem shows that K; 5Ky (resp. K; HKs) induces a-bonds (resp.
c-bonds) as its intents.
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Theorem 4.7 :

(a) The intents of K1 BKy w.r.t (1} are a-bonds from Ky to Ks, i.e for each
b e LX21 o1 s an a-bond from K to Ks.

(b) The intents of Ki Ky w.r.t {1,V are c-bonds from Ky to Ko, i.e for each
b e LX2N1 ol s a c-bond from K to Ks.

Proof: (a) For ¢ € L*2*Y1 we have

@) =\ @) > A, yr), (a1, y2))

(w2,91)€ X2 x Y1

/\ /\ o(x2,y1) = (Ii(z1,91) = L2(22,92))

=D, & yleYl

A\ L) = ($(@2,m) = L@, ps))

r2€ X2 1€Y1

N\ L) = N\ @) > L@, 1)

Y1€Y1 To€Xo

/\ Ii(z1,y1) — /\ ¢ (y1,22) — Io(x2,y2)

1€Y1 226X5

= A Lzim) = (07 < L)y, )

Y1 EY1

= [l « (<Z5T a I9)](z1,y2)
=[(hio ¢T) a Ia](z1,y2)-

Thus ¢! is an a-bond by Theorem 4.3 (a). Proof of (b) is similar. O

A similar proposition can be stated also for extents of direct <-products and direct
s-products. More exactly, extents of K; Ky are c-morphisms from Ks to K;, and
extents of K; B Ky are a-morphisms from Ks to Kj.

Remark 4.8 It is worth to note that not all a-bonds need to be intents of the
direct product as the following examples shows.

Example 4.9 Consider the L-context K = ({x}, {y}, {*%(x, y)}) with L being the
three-element Lukasiewicz chain. Consider 8 to be the L-relation {*%(z,y>}. We
have

Ext"({z}, {y}, 8) = {*Yz, 2} = Ext™* ({a}, {y}, {* Yz, )}),

and Int™ ({z}, {y}, 8) < Int™({z}, {y}, {*Fa,y)}) is trivial. Thus S is an a-bond
from K to K. We have KHK = {{(z, 9}, {{z, »)}, {{z, v),{x,y)}). The only intent
of KHK is {{z,y)}; thus the a-bond 3 = {®%(x,3)} is not among its intents.

Example 4.10 Consider the following L-context with L being three-element
Lukasiewicz chain.

0 1 1
T
Klzoo?% Ko=|1 1 1.
10 3 3 11
221

There are 11 a-bonds from K; to Ko, but K; B Ky has only 9 concepts; see Figure 1.



November 17, 2014

10:6 International Journal of General Systems text

On Homogeneous L-bonds and Heterogeneous L-bonds 21
1 1 1
1 1 1
1 1 1
1
11
1 1 1 % 11 11 1
1 1
0 1 1 I 11 i 1
L1 1 1 1 1o
§ 1 1 o 1 1 o1y
2 2 2
111 % % 1
1
0 5 1 7 3 1
1 1
3 g3 1
0o 5 1

Figure 2. System of a-bonds between K; and Kz from Example 4.10. The a-bonds with double border are
those which are intents of K; B Ka.

4.2 Relationship to homogeneous bonds with respect to (T,})

In this section we establish a relationship of a-bonds and c-bonds with homoge-
neous bonds with respect to (1,+). Firstly, we will introduce the notion of strong
heterogeneous bond and, then, will prove that they are a special case of homoge-
neous bond wrt (1,}). Then we study equality of homogeneous bonds wrt (T,
with a-bonds and c-bonds under special conditions.

Definition 4.11: An L-relation [ is called strong heterogemeous bond from
(X1,Y1,I) to (X3,Ys, Iy if it is both a-bond and c-bond from (X;,Y7,17) to
<X27}/27[2>-

Let us start with the analogous version of Lemma 3.7 (with alternative charac-
terizations) for homogeneous bonds wrt (T, ).

Lemma 4.12: The following statements are equivalent:

(1) B is a homogeneous bond wrt (V1Y from Ky = (X1,Y1, 1) to Ky =
(X2, Ya, I).

(2) B satisfies both {y}'s € BExt™ (X, Y1, 1)) and {z}" € Int™ (X, Yo, I5) for
each x € X1,y € Yo.

(3) B=Scaly=1Iv8; for some S, € LX**X2 and S; € LY1*Y2,

Proof:

(1) = (2): Trivially, we have that {y}'¢ € Ext™(X,Ys,0) and {z}Ts €
Int™ (X1, Ya, ).

(2) = (3): Each L-set A in L** can be written in the form | J,.y 4(z) ® {z}.
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Thus, we have

Absy) = N\ (| A@) @ {2})(@') - B2/, )

z'eX zeX
= A\ (V A@) @ {z}(2)) = B’ y)
z'eX zeX
= A\ N\ A@ = ({z}) - B, y)
r'eX zeX

= N\ A@) = A {=}) - 8, p)
reX z'eX

= \ Al@) = {2} ()
zeX

= ([ A@@) = {2}"*)(y).
zeX

As a result we have Als € IntT‘L(XQ,YQ,IQ) since {x}Tﬁ € IntN(XQ,Yg,Ig) for
each x € X7 and IntN(Xg,Yg,Ig) is an L-closure system. Because each intent
in Int™(X,,Ys,4) has the form A%, we get Int™ (X1, Ys, 8) < Int™(Xs, Ya, I).
The existence of S, now follows from Theorem 2.3. Similarly, the existence of 5;

can be proved.
(c) = (a): From Theorem 2.3 (c) and (d). O

One can easily observe that each strong heterogeneous bond is a homogeneous
bond wrt (T,}). The following example shows that the converse is not true in
general.

Example 4.13 Use L = 2; obviously the empty relation is a homogeneous bond
wrt (7,4 ) between two formal contexts with empty incidence relation. On the other
hand, it is not an a-bond because |[Ext"V(X1,V1, &) = 1 < 2 = |Ext™ (X1, Yo, )]
Specifically, the only concept in B"(X1, Yy, &) is (X1, &), whereas the two con-
cepts in BN (X1, Ys, &) are (X1, &) and (&, Vo).

4.2.1 Assuming the double negation law

If the double negation law holds true in L, each pair of the concept-forming
operators we have been using so far (namely, (T,V5, ("5 and (",')) can define
the other two.

As a consequence, for instance, we have that BN (X,Y,I) and B"(X,Y, —I) are
isomorphic as lattices with (A, B) — (A, =B) being the isomorphism.

In order to prove this, note that A € Ext™(X,Y,I) iff A = A" and that
Ae Ext"(X,Y, =) iff A= A"-1Y-1. We have

A1V = T a (Ao —I)
— T (=Id s (Ao —I)a —Id))
=—J<(=Id> (A< (—1<«—1d)))
=—=[<(=Id» (A« T))
= (—I<—Id) v (A«1))
= (v (A<D)) = Alrhr,
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That shows that
Ext™(X,Y,I) = Ext"V(X,Y, —I) (28)

As the ordering between the extents is defined to be the fuzzy subsethood ordering
(which is independent from the concept-forming pair used to build the concept
lattice), one obtain that both lattices are isomorphic.

To justify the intent part of the isomorphism, note that for each A € LX, Be LY
we have

—|B = —|(AT1) = —|(ATﬁ“I) = —|(A<] —|—|I) = —|(A<] (—|I<] —|Id)) =
= —|((AO —|I)<] —|Id) = —|—|(AO —|I) = (AO —|I) = Aﬂﬁl‘
Similarly, BN(X,Y,I) and B"Y(X,Y,—I) are isomorphic as lattices with

(A, B) = {(—=A, B) being the isomorphism. The proof follows the line of the previ-
ous one, but showing

Int"Y(X,Y, 1) = Int™ (X, Y, I). (29)

Using that we can state the following theorem.

Theorem 4.14: Assume that the double negation holds true in L. Then homo-
geneous bonds wrt (VY from (X1,Y1, 1) to (Xa,Ys, Is) are exactly a-bonds from
(X1,Y1,—1) to (X3,Ys, Is); and c-bonds from (X1,Y1, 1) to (Xo, Yo, —15).

Proof: Directly from the definitions and Equations (28) and (29). O

Note that with the double negation law, the incidence relation A in <-direct
product (X1, Y1, I1)H{X2, Ya, Is) becomes

A((z2,y1),{T1,92)) = ~11(21,y1) — I2(22, Y2)

and the incidence relation A in direct »-product K; HKy becomes

A2, y1),{z1,Y2)) = —Ia(w2,92) — Li(z1,1),

which coincides with the direct product (25) from (Kridlo et al. 2012).
4.2.2  Using an alternative notion of complement

The mutual reducibility of concept-forming operators (17)—(19) does not hold
generally. In (Belohlavek and Konecny 2012a), a new notion of complement of L-
relation was proposed in order to overcome that. Using this notion we showed that
each for each T € LX*Y | and fixed an element a € L, one can define —I € LX*(¥ <L)
as

~I(z,{y,a)) = I(z,y) — a,
and obtain
Ext™(X,Y x L,~I) = Ext"V(X,Y, I), (30)
and similarly,

Int™(X x L, Y, (—ID7T) = nt"" (X, Y, I). (31)
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That is, for any I € LX*Y one can find a relation which induces the same

structure of extents (resp. intents) wrt (*,1) as I induces wrt (u,n) (resp. wrt
{v, ny). Unfortunately, the converse does not hold true in general; i.e. there are
relations I € LX*Y such that no relation induces the same structure of extents wrt
{u,n) (resp. intents wrt {v,r») as I induces wrt (*,75. Only for those L-relations
I € LX*Y whose set of extents Ext™ (X, Y, I) is a c-closure system (Belohlavek and
Konecny 2011); i.e. an L-closure system generated by a system of all a-complements
of some 7 < LX.

Theorem 4.15: If Ext™(X,,Y1,I) is a c-closure system, the i-bond wrt
Yy from (X1,Y1, 1) to (Xa,Ys, Iy are exactly a-bonds from (X1,Yy x L,~I;)
to (Xo,Yy, ). If It™(X5,Y5,I5) is a c-closure system, the i-bonds wrt
Yy from (X1,Y1, 1) to (X3,Ys, 1) are exactly c-bonds from (X1,Y1,I1) to
<X2 x L,Ys, ('_IZT)T)>

Proof: Directly from Definitions and (28) and (29). O

5. Conclusions

Continuing with our study of generalized forms of formal concept analysis, we have
focused on the different natural extensions of the notion of bond.

To the best of our knowledge, only (Kridlo et al. 2012) had introduced a gener-
alized definition of bond, but it turns out that, in a generalized framework, several
alternatives can be considered, depending essentially on the pair(s) of concept-
forming operators one relies on. In this paper, we have introduced the notion of
homogeneous L-bond, namely, a generalized bond wrt a pair of isotone concept-
forming operators, and presented a thorough study of them.

Specifically, homogeneous bonds with respect to {n,u) (resp. {(A,v)) have been
proved to be in one-to-one correspondence with c-morphisms from extents (resp.
intents) of the corresponding concept lattices. Moreover, the set of all homogeneous
bonds (of either case) is proved to form an L-interior system. The natural notion of
homogeneous bond wrt the two pairs of isotone concept-forming operators simulta-
neously (strong homogeneous bond) is proved to be in one-to-one correspondence
with i-morphisms between intents of {n,u) and also with with i-morphisms be-
tween extents of (a,v). Obviously, the set of all strong homogeneous bonds is an
L-interior system. The study is concluded by presenting the existing relationship
with the direct o-product of contexts.

A different notion of bond arises when one allows the interaction of isotone and
antitone concept-forming operators, and this leads to the so-called heterogeneous
bonds, which are proved to be closely related to the a-morphisms and c-morphisms.
Specific types of product were needed in order to establish the connection between
these new types of bonds with the direct product of contexts. It is worth to remark
that one can see applied papers in the area of information retrieval, see for instance
(Valverde-Albacete 2006), which directly calls for heterogeneous bonds, specifically
for some a-, ¢- and i-morphisms.

The obtained results shed new light on the structure and properties of generalized
versions of bond between contexts: on the one hand, the results are abstract versions
of those already known in the classical case and, on the other hand, generalize as
well those published in (Kridlo et al. 2012).

As future work, on the one hand, it seems worth to consider a further generaliza-
tion in terms of complete idempotent semifields, which satisfy all the properties of
residuated lattices except that the multiplicative unit need not be the top element
of the lattice. In this new framework, it makes sense to consider the fourth pair of
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concept-forming operators not considered in the present work, which can be viewed
as a double dualization on the first pair, see (Valverde-Albacete and Peldez-Moreno
2011) for these connections defined over completed idempotent semifields.
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