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Abstract—The problem of studying the existence of a right
adjoint for a mapping defined between sets with different
fuzzy structure naturally leads to the search of new notions
of adjunction which fit better with the underlying structure of
domain and codomain. In this work, we introduce a version
of relational fuzzy adjunction between fuzzy preposets which
generalizes previous approaches in that its components are fuzzy
relations. We also prove that the construction behaves properly
with respect to the formation of quotient with respect to the
symmetric kernel relation and, thus, giving rise to a relational
fuzzy adjunction between fuzzy posets.

I. INTRODUCTION

This paper focuses on a certain generalization of the notion
of adjunction (also called isotone Galois connection), which
has proved to be a practical instrument to link different topics
and has found a number of applications, both theoretical
and practical. The interested reader can find more details for
instance in [1], [2].

In the recent years, we have studied the problem of con-
structing the right adjoint of a mapping f: A — B between
differently structured environments, in the sense that A has a
richer structure than B and, in order to build an adjunction,
the necessary structure has to be built on B and, then, the
right adjoint should be built. A number of results have been
obtained so far on different underlying settings. Namely:

e In [3], our underlying environment was that of crisp
functions between a poset (resp. preordered set) and an
unstructured set;

e Then, in [4], the paradigm was shifted to the fuzzy case,
considering the corresponding problem in which the set
A has a fuzzy preposet structure;

o Later, in [5], we considered in addition fuzzy equivalence
relations generalizing the equality, both in A and in B;

« More recently, in [6], we started to find a more adequate
definition of adjunction in a fuzzy environment, since
the fuzzy extensions given in [4], [5] lack of fuzziness
precisely on the adjunction, namely, both components of
the adjunction are crisp, and we would like to work with a
really fuzzy version of the notion of adjunction, in which
they are fuzzy functions as well.

In this work we focus on a further generalization in which
the components of the fuzzy adjunction are not fuzzy functions
but fuzzy relations satisfying less requirements than a fuzzy
function, the only requirement being to satisfy the property of
totality.

The structure of the paper is the following: in Section II,
we introduce the preliminary notions which will be needed
thereafter; then, in Section III we introduce the notion of
relational fuzzy adjunction; later, Section IV focuses on the
behavior of the relational fuzzy adjunctions with respect
to forming the quotient over the symmetric kernel relation;
finally, in Section V we draw some conclusions and present
prospects of future work.

II. PRELIMINARY DEFINITIONS

Given a complete residuated lattice L = (L, ®,=), an L-
fuzzy set is a mapping from the universe set to the membership
values structure X : U — L where X (u) means the degree in
which u belongs to X.

An L-fuzzy binary relation on U is an L-fuzzy subset of
U xU,thatis Ry: U x U — L, and it is said to be:

o Reflexive if Ry(a,a) =T forall a € U.

e ®-Transitive if Ry(a,b) ® Ry(b,¢) < Ry(a,c) for all

a,bcelU.

o Symmetric if Ry(a,b) = Ry(b,a) for all a,b € U.

o Antisymmetric if Ry (a,b) = Ry(b,a) = T implies a =

b, for all a,b € U.

From now on, when no confusion arises, we will omit the
prefix “L-".

Definition 1: A fuzzy preposet is a pair A = (A, p4) in
which p4 is a reflexive and ®-transitive fuzzy relation on A.
In addition, a fuzzy poset is a fuzzy preposet A = (A, p4) in
which p4 is also antisymmetric.

Definition 2: A fuzzy relation ~ on A is said to be a:

o Fuzzy equivalence relation if = is a reflexive, ®-transitive
and symmetric fuzzy relation on A.

o Fuzzy equality if ~ is a fuzzy equivalence relation satis-
fying that ~(a,b) = T implies a = b, for all a,b € A.

We will use the infix notation for a fuzzy equivalence
relation, that is: for ~: A x A — L a fuzzy equivalence
relation, we denote a1 = as to refer to ~(ay, as).

Definition 3: For a fuzzy equivalence relation ~: A x A —

L, the equivalence class of an element a € A is a fuzzy set
a: A — L defined by a(u) = (a =~ u) for all u € A.
Note that @ = b if and only if (a ~ b) = T: on the one
hand, if @ = b, then (a ~ b) = a(b) = b(b) = T, by reflexive
property; conversely, if (a = b) = T, then a(u) = (a &~ u) =
(b~a)® (a~u) < (b~u)=b(u), for all u € A.



Definition 4: Let = 4 and ~p be fuzzy equivalence relations
on A and B respectively. A fuzzy relation y: A x B — L is
said to be extensional if the following conditions hold:

(Extl) p(ay,b) @ (a1 ~4 az) < plag,d) for all aj,az € A

and b € B.

(Ext2) p1(a,b1) @ (br

bl, by € B.
Moreover, p is said to be fotal whenever the following
condition holds:

(Tot) For all @ € A there exists b € B satisfying that
wla,b)y =T
Hereinafter, all the fuzzy relations considered will be total.

~p bs) < p(a,bs) for all a € A and

III. FUZZY RELATIONS AND RELATIONAL FUZZY
ADJUNCTIONS

In this section, we introduce a novel definition of fuzzy
adjunction in which the role of left and right adjoints is played
by total fuzzy relations.

Definition 5: Let (A, pa) and (B, pg) be fuzzy preposets
and u: AxB — L and v: Bx A — L be total fuzzy relations.
The pair (u,v) is said to be a relational fuzzy adjunction
between (A, p4) and (B, pg) if the following conditions hold
for all ay,as € A and by, by € B:

i) pa(ar,az) ® play, br) @ v(ba,az) < pp(bi,ba).

ii) pp(br,b2) ® p(ar,b1) @ v(ba,a2) < palas,az).

This definition can be given in terms of composition of
fuzzy relations as follows:

v ioppopt<pp and wvoppou<pa

where the composition of two fuzzy relations is defined as
usual.

In order to study the properties of relational fuzzy adjunc-
tions, we need to adapt the well-known notions of isotone,
inflationary, deflationary mapping.

Definition 6: Let (A, pa) and (B, pp) be fuzzy preposets.
A fuzzy relation pu: A x B — L is said to be isotone
if pa(ar,a2) ® plar,br) ® plaz,be) < pp(bi,bs) for all
ai,as € A and by,by € B.

Definition 7: Let (A,pa) be a fuzzy preposet. A fuzzy
relation p: A x A — L is said to be:

o inflationary if p(a1,a2) < pa(ai,as) for all aq,as € A.

o deflationary if p(a1,a2) < pa(az,aq) for all aq,as € A.

The following theorem gives a first characterization of
relational fuzzy adjunctions, which resembles the classical
behavior of crisp adjunctions.

Theorem 1 (See [6]): Let (A, pa) and (B, pp) be fuzzy
preposets and u: A x B — L and v: B x A — L be total
fuzzy relations. Then, (u,v) is a relational fuzzy adjunction
if and only if p and v are isotone, v o p is inflationary and
o v is deflationary.

Proposition 1: Let (u,v) be a relational fuzzy adjunction
between (A, p4) and (B, pp). The following conditions hold:

D) p(a,b1) @ (povop)(a,be) < pp(bi,b2) A pp(b2,b1)

for all a € A and by,bs € B.

2) v(b,a1) ® (vopov)(baz) < palar,az) A palaz,ar)
for all a1,a2 € A and b € B.
3) For all a; € A and b € B there exists as € A such that
mla1,b) < pa(ar,az).
4) For all a € A and b, € B there exists by € B such that
v(b1,a) < pp(bz,b1).
Proof: We only prove the items 1) and 3) because 2) and
4) are analogous.

1) On the one hand, since v o p is inflationary, ® is
distributive wrt V, and p is isotone, one has:

pla,by) @ (wovou)a, bg)

(b ® V V (5(ay) © vl ) @ (e, b))
r€AyEB

< u(a,bl) ® \/ (pA(a,l’) ®p,(:l:,b2))
z€A

< \/ (pa(a,z) ® pla,by) @ p(z,by))

T€EA
< pB(blvbQ)

On the other hand, since v o p is deflationary, ® is
distributive wrt V, p4 is reflexive, u is isotone, and pp
is ®-transitive, one has:

wa,b1) @ (povopu)a, bz)
=pab) e\ \/ (v Y, ) ® p(x,b2))
reAyeB
< pla,b) @ \/ (u(a,y) @ pp(ba,y))
yEB
< \/ (a,b1) ® p(a,y) ® pp(ba, ))
yeB
<V (pala,a) @ pla,y) @ pla,by) @ pp(be,y))
yeB
< \/ (pB(y,b1) @ pp(b2,y))
yeB
< pB(ba,b1)

3) Since v is total, for all b € B there exists ay €
A such that v(b,as) = T and, hence p(ai,b) =
w(ai,b) @ v(b,as) and, since v o p is inflationary, one
has p(a1,b) < palar,as).

|

Proposition 2: Let (u,v) be a relational fuzzy adjunction

between (A, pa) and (B, pp). Then,

1) For all a; € A there exists as € A such that
(vop)(ar,az) = pa(ar,az) =T
2) For all by € A there exists by € A such that
(rov)(bi,b2) = pp(b2,b1) =T

Proof: Tt is straighforward from the fact that x4 and v

are total (and so are both compositions) and that v o u is

inflationary, and p o v is deflationary. |
Given a fuzzy relation p, we denote p its T-cut, ie.,

pr ={(a,b) € Ax B | pula,b) =T}



which is a crisp binary relation.

Proposition 3: Let (u,v) be a relational fuzzy adjunction
between (A, pa) and (B, pg). Then, (u-,v,) is a relational
adjunction between (A, p4) and (B, pp), ie., for all (a1,b1) €
pr and (ba,as) € v, one has

palai,az) = pp(bi,b2)

Proof: If (a1,b1) € p. then p(ai,by) = T and if
(be,az) € v, then v(by,as) = T. Therefore,

pa(ar,az) = p(a1,b1) @ palar, az) ® v(ba, az) < pp(bi, b2)
Analogously, pg(b1,b2) < pa(ai,asz). [ |

Corollary 1: Let (u,v) be a relational fuzzy adjunction
between (A, p4) and (B, pg). There exist mappings f C p-
and g C v such that (f, g) is an adjunction between (A, p4)
and (B, pp) (in the sense of [4]).

Proof: Since the relation p is total, for all a € A, there
exists b € B such that (a,b) € p, thus by axiom of choice,
a mapping f: A — B can be defined with (a, f(a)) € u-.
Similarly, a mapping g: B — A can be obtained from v.
Therefore, pa(a,g(b)) = pu(d, f(a)). [ |

Proposition 4: Let (u,v) be a relational fuzzy adjunction
between the fuzzy posets (A, p4) and (B, pg). Then,

1) (povoup)(a,b) =T if and only if p(a,b) =T

2) (vopov)(bya) =T if and only if v(b,a) =T
forall a € A and b € B.

Furthermore, for all a € A there exists a unique b € B such
that p(a,b) = T.

Proof: Assume that u(a,b) = T, since po v o is also
total, there exists y € B sucht that

T =(povop)(ay)
= (novop)(a,y) ®p(a,b) < pp(by) A pp(y,b)
by Proposition 1. By antisymmetry of pp, we obtain b = vy,
hence (puovop)(a,b) = T. The other implications are obtained

in a similar way. Suppose that there exist b1, b € B such that
T = p(a,by) = p(a, by), then

T =(novon)(abr)® p(a,b) < pp(br,b2) A pp(ba, b1)
By antisymmetry of pp, we have b; = bs. ]

In the case of fuzzy posets, the mappings f and g in
the previous corollary are unique, and define an adjunction
between fuzzy posets.

Corollary 2: Let (u,v) be a relational fuzzy adjunction
between the fuzzy posets (A, p4) and (B, pp). There exist
two unique mappings f = p, and g = v, such that (f,g) is
a fuzzy adjunction between (A, p4) and (B, pp) (in the sense
of Yao [12]).

The following result ensures that the converse result also
holds.

Proposition 5: Let (f,g) be a fuzzy adjunction between
two fuzzy posets (A, pa) and (B, pp) in Yao’s sense. Con-
sider p: A x B — L and v: A x B — L defined
as p(a,b) = pp(fla),b) A pp(b, f(a)) and v(b,a) =
pa(g(d),a) A pa(a,g(b)) for all a € A and b € B. Then,
the pair (u,v) is a relational fuzzy adjunction.

Proof: Straightforward. ]

The following example shows that the relation between fuzzy
adjunctions in Yao’s sense and relational fuzzy functions is
not a bijection. Specifically, it is possible to find different
relational fuzzy adjuntions between fuzzy posets with the same
T-cuts.

Example 1: Consider the underlying truth-values set L to
be the real unit interval with its residuated lattice structure
induced by the Lukasiewicz t-norm.

Consider the following fuzzy posets (A4, p4) and (B, pp)
where A = {aj,a9,a3}, B = {by,bs,b3} and the fuzzy
relations p4 and pp given below:

pa | a1 az as p | b1 by b3
a 1 1 1 by 1 1 1
ay 0.5 1 1 b 0.5 1 0.5
as 0 05 1 b3 0 1 1

Consider also the mappings f: A — B defined by f(a1) =
flaz) = by and f(as) = bs and g: B — A given by g(b1) =
g(bs) = ag and g(bs) = ag. The pair (f,g) is an adjunction
in Yao’s sense, i.e.

pala,g(b) =pp(f(a),b), foralla e A,be B

Moreover, we can obtain a relational fuzzy adjunction by
considering the construction given in Proposition 5. That is,
considering the pair of fuzzy relations p: A x B — L and
v: B x A — L defined by the following tables:

| by by b3 vV|a az ag
ap| 1 05 0 by 105 1 0.5
a| 1 05 0 by | 0 05 1
a3 |05 1 0.5 b3 |05 1 0.5

It is just a matter of computation to check that (u,v) is a
relational fuzzy adjunction between (A, p4) and (B, pp)
Nevertheless, it is not the only relational fuzzy adjunction
whose T-cuts are f and g. Thus, for instance, consider the
fuzzy relation y': A x B — L given by the following table:

/J,/ b1 bg b3
a| 1 01 0
a| 1 05 0
a3 0.5 1 0.5

The pair (p/,v) is also a relational fuzzy adjunction between
(A,pa) and (B, pp) and p = p’_.

IV. FROM ADJUNCTIONS BETWEEN FUZZY PREPOSETS TO
ADJUNCTIONS BETWEEN FUZZY POSETS

In this section we will study the behaviour of the relational
fuzzy adjunction with respect to the construction of the quo-
tient set modulo a certain fuzzy equivalence relation, the fuzzy
symmetric kernel relation defined below.

Specifically, given a fuzzy preposet (A, pa) we will con-
sider the relation ~4: A x A — L defined by

(a1 =a az) = palai,az) A pa(az,ar)
which turns out to be a fuzzy equivalence relation.

The corresponding quotient set is A = {a | a € A}. Now,
we will introduce a fuzzy preorder relation p5: A x A — L



in order to induce a fuzzy poset structure on A. The definition
is straightforward:

pa(@1,az) = pa(as,az)

Proposition 6: Let (A, pa) be a fuzzy preposet and A and
Pz be defined as above. Then (A, p7) is a fuzzy poset.

Proof: Let us see that p4 is extensional with respect
to /4, ie. the following inequalities hold for all x,y, z € A:

D) pa(z,y) ® (y = 2) < pa(z, 2),
2) pa(z,y) ® (z =~ z) < pa(z,y).

In effect,
pa(z,y) ® (y = 2) = palz,y) @ (paly, 2) A pa(z,y))
< pa(@,y) ® pa(y, 2)
< pA(xa Z)
The other inequality follows similarly.
We can now prove that p is well-defined. That is, assuming
a; = T, let us show that p4(a1,a2) = pa(z1,z2):
palar,az) = (a1 =4 1) @ palar,az) @ (ag =4 2)
< pa(ry,a2) ® (az =4 2)
< pa(z1,x2)
The other inequality is similar.

Finally, it is straightforward that p is reflexive, ®-transitive
and antisymmetric. [ |

Now, given a fuzzy relation p: A X B — L between fuzzy
preposets (A4, pa) and (B, pg), we define i: A x B — L as
follows

a@b) =\ \ uxy)©@~ia) @ (y=pb)
r€AyEB
It is straightforward to check that i is well-defined. Similarly,
we can see that totality and isotonicity is inherited by .

Lemma 1: If p is a total fuzzy relation, then so is 7.

Proof: Given a € A, consider a € A and the fact that I
is total, then there exists b € B such that w(a,b) = T. Now,
it is not difficult to check fi(a,b) = T, therefore 1 is total. W

Lemma 2: If p is isotone, then 1 is isotone as well.

Proof: For all ay,as,r1,29 € A and by,ba,y1,y2 € B,
the following inequalities hold:
w(x1,91) @ (Y1 24 b1) @ (z1 =4 a1) @ palar, a2)®

®@ p(z2,y2) @ (Y2 =B b2) ® (2 ~p a2)

< p(r1,y1) @ (Y1 =4 b1) @ pa(1,a2)®
® p(z2,92) ® (Y2 =p ba) ® (2 ~p as)

< p(z1,y1) ® (Y1 =a b)®
® pa(r1,72) @ p(z2,y2) ® (Y2 ~p b2)

< pB(Y1,Y2) ® (y1 ~a b1) @ (Y2 ~p ba)

< p5(b1,b2)

Therefore, by the definition of 1z and p, one has
(@, br) @ ps(ar,az) @ f(az, by) =
\/ (1(z1,91) @ (Y1 ~a b1) @ (z1 74 a1))®

T1€EA

y1EB

® palar,a2) ® \/ (1(w2,y2) ® (y2 =B b2) @ (x2 ~p az))
ro€A
y2€B

S pB(blabZ) - ﬁB(Eag) .

Now, we can state and prove the following result:

Theorem 2: Let (u,v) be a relational fuzzy adjunction
between fuzzy preposets (A, p4) and (B, pg), then (&, 7) is a

relational fuzzy adjunction between the fuzzy posets (A, pa)
and (B, pp).

Proof: We have to prove the following inequality
pa(ar,az) @ (ar, b)) @ v(be, @3) < p (b1, b2)
Unfolding the definitions we prove that, for all a1, as, 1,22 €

A and by, bo,y1,y2 € B:
palai,az) @ (a1 ~a 21) ® (y1 =p b1) ® p(r1,y1)®
® (by =B y2) ® (v2 =4 az) @ v(y2, x2)
< palzr,x2) @ p(r1,y1) @ v(ye, 2)®
® (y1 ~p b1) ® (b2 =B y2)
< pB(Y1,92) @ (y1 ~p b1) ® (b2 ~p Y2)
< pp(b1,b2)
Therefore, by the definition of 1z and p, one has
pa(ar,az) @ fi(ar, by) @ v(by, @3) =
palar,az) ® \/ ((&1 g r1) @ (Y1 =B b)) ® u(m,yl))@

T1€EA
y1EB

® \/ ((bz Rp Y2) ® (T2 =4 a2) ® l/(yanQ))

To€A
y2€B

S pB(blabQ) = ﬁé(aag) .
|

Example 2: Consider the underlying truth-values set L to
be the real unit interval with its residuated lattice structure
induced by the Lukasiewicz t-norm.

Consider the following fuzzy preposets (A4, p4) and (B, pp)
where A = {ay,as,a3,a4}, B = {b1, b2, b3, by} and the fuzzy
relations p4 and pp given below:

PA | A1 G2 A3 (4 PB by by by by
aq 1 1 1 1 by 1 1 1 1
a | 0.2 1 1 1 by 1 1 1 1
az 1 0.2 1 1 1 b3 1 1 1 1
ay 0 01 01 1 by 101 0.1 0.1 1

The pair of fuzzy relations u: AxB — Landv: BxA — L
given by the following tables constitutes a relational fuzzy



adjunction between (A, p4) and (B, pp).

1% bl b2 b3 b4 174 aq a9 as ayq
ap| 1 01 01 O b0 1 04 0
az| 1 01 01 O b 0 01 1 0.1
az 0.1 1 0.1 O bs | O 1 0.1 0.1
as | O 0 0 1 by | O O 0 1

The fuzzy equivalence rel

given below:

ations induced by p4 and pp are

motivated the search for the use of fuzzy functions or even
fuzzy relations, and lead to the notion introduced in this work.

As future work, we are planning the characterization of
existence of this type of fuzzy adjunctions in different fuzzy
environments (preordered or partially ordered sets with or

Ra|ar ax a3 a4 ~p | bi by b3 by
ai 1 02 02 O by 1 1 1 0.1
ax 0.2 1 1 0.1 by 1 1 1 0.1
az [ 0.2 1 1 0.1 b3 1 1 1 0.1
ay 0 0.1 01 1 by, 101 0.1 01 1

Then, the equivalence classes are the following:

a1 ={ai/1,a2/0.2,a3/0.2}

2

a3z ={a1/0.2,a2/1,a3/1,a4/0.1}

az ={az2/0.1,a3/0.1,04/1}

by =by =

b3 ={b1/1,b2/1,b3/1,b1/0.1}

by ={b1/0.1,b2/0.1,b3/0.1,b4/1}
The quotient relations are:

mla o w6
aq 1 1 Fll
@ |02 1 1 b*1011
ai| 0 01 1 412

The pair of fuzzy relations fi: AxB — Land7: Bx A — L
given by the following tables constitutes a relational fuzzy
adjunction between the fuzzy posets (A, p4) and (B, pg).

Ebfbg v|a a a
sl
. by

i I o o0 1

V. CONCLUSIONS AND FURTHER WORK

This work is a natural continuation of [6] where we revisited
the problem of studying when a given fuzzy relation can be
characterized in terms of a fuzzy function and provided a
notion of fuzzy adjunction as a pair of completely functional
fuzzy relations fulfilling certain properties which generalizes
naturally the notion used in previous approaches (see [4], [5]).
In this paper we have introduced a generalized notion of fuzzy
adjunction (between two fuzzy preposets) whose components
are total fuzzy relations.

Concerning the generalization to the notion of adjunction
to the fuzzy case, to the best of our knowledge, the first
approach was due to Bélohlavek [7]. Later, a number of
publications have introduced different approaches to either
fuzzy adjunctions or fuzzy Galois connections, see [8]-[12].
The latter, introduced by Yao in [12], was used in our previous
work [4], where we were interested in constructing a right
adjoint associated to a given mapping f: (A4, p4) — B from
a fuzzy preposet (A, p4) into an unstructured set B. The fact
the mappings in this approach are crisp rather than fuzzy

without corresponding fuzzy equivalence relations).
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